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The Neoclassical Resurgence
Keynes had not challenged neoclassical microeconomics in his General Theory. Many

subsequent economists therefore believed that Keynesian macroeconomics should be consistent with

neoclassical microeconomics, and they attempted what became known as the Keynesian-neoclassical
synthesis. This eventually led to many economists rejecting Keynes’s analysis, and paved the way for

the return to dominance of the neoclassical view of macroeconomics.
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Mitlon  Friedman
Monetarism

The Optimum Quantity of Money

It is a common place of monetary theory that nothing is so unimportant as the quantity of money

expressed in terms of the nominal monetary unit-dollars, or pounds, or pesos. Let the unit of account
be changed from dollars to cents; that will multiply the quantity of money by 100, but have no other

effect. Similarly, let the number of dollars in existence be multiplied by 100; that, too, will have no other
essential effect, provided that all other nominal magnitudes (prices of goods and services, and

quantities of other assets and liabilities that are expressed in nominal terms) are also multiplied by 100.

The situation is very different with respect to the real quantity of money-the quantity of goods and
services that the nominal quantity of money can purchase, or the number of weeks' income to which

the nominal quantity of money is equal. This real quantity of money has important effects on the
efficiency of operation of the economic mechanism, on how wealthy people regard themselves as

being and, indeed, on how wealthy they actually are. Yet only recently has much thought been given to

what the optimum quantity of money is, and, more important, to how the community can be induced to
hold that quantity of money.

When this question is examined, it turns out to be intimately related to a number of topics that
have received widespread attention over a long period of time, notably (1) the optimum behavior of the

price level; (2) the optimum rate of interest; (3) the optimum stock of capital; and (4) the optimum

structure of capital.

The optimum behavior of the price level, in particular, has been discussed for at least a century,

though no definite and demonstrable answer has been reached. Interestingly enough, it turns out that
when the question is tackled indirectly, via the optimum quantity of money, a definite answer can be

given. The difference is that while the conventional discussion stresses short-period adjustments, this

paper stresses long-run efficiency.

In examining the optimum quantity of money, I shall start in a rather roundabout way-as befits a

topic that belongs in capital theory at least as much as in monetary theory. I shall begin by examining a
highly simplified hypothetical world in which the elementary but central principles of monetary theory

stand out in sharp relief. Though this introduction covers familiar ground I urge the reader to be

patient, since it will serve as a bridge to some unfamiliar propositions.
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I. HYPOTHETICAL SIMPLE SOCIETY

Let us start with a stationary society in which there are:

 (1) a constant population with;

 (2) given tastes, 

(3) a fixed volume of physical resources, and 

(4) a given state of the arts. 

It will be simplest to regard the members of this society as being immortal and unchangeable . The

society, though stationary, is not static. Aggregates are constant, but individuals are subject to
uncertainty and change. Even the aggregates may change in a stochastic way, provided the mean

values do not. (6) Competition reigns.

To this fairly common specification, let us add a number of special provisions:

(7) Any capital goods which exist are infinitely durable, cannot be reproduced or used up, and

require no maintenance (like Ricardo's original, indestructible powers of the soil). More important, 

(8) these capital goods though owned by individuals in the sense that the rents they yield go to

their owners, cannot be bought and sold. (They are like human capital in our society.)

(9) Lending or borrowing is prohibited and the prohibition is effectively enforced.

(10) The only exchange is of services for money, or money for services, or services for services.

Items (7) and (8) in effect rule out all exchange of commodities.

(11) Prices in terms of money are free to change, in the sense that there are no legal obstacles to

buyers' and sellers' trading at any price they wish. There may be institutional frictions of various kinds
that keep prices from adjusting instantaneously and fully to any change. In that sense there need not

be "perfect flexibility" whatever that much overused term may be taken to mean.

(12) All money consists of strict fiat money, i.e., pieces of paper, each labelled "This is one dollar".

(13) To begin with, there are a fixed number of pieces of paper, say, 1,000.

The purpose of conditions (7), (8) and (9) is, of course, to rule out the existence of a market
interest rate. We shall relax these conditions later.
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II. INITIAL EQUILIBRIUM POSITION

Let us suppose that these conditions have been in existence long enough for the society to have

reached a state of equilibrium. Relative prices are determined by the solution of a system of Walrasian
equations. Absolute prices are determined by the level of cash balances desired relative to income.

Why, in this simple, hypothetical society, should people want to hold money? The basic reason is
to serve as a medium of circulation, or temporary abode of purchasing power, in order to avoid the

need for the famous "double coincidence" of barter. In the absence of money, an individual wanting to

exchange A for B must find someone who wants to exchange precisely B for A. In a money
economy, he can sell A for money, or generalized purchasing power, to anyone who wants A and has

the purchasing power. The seller of A can then buy B for money from anyone who has B for sale,
regardless of what the seller of B in turn wishes to purchase. This separation of the act of sale from

the act of purchase is the fundamental productive function of money. It gives rise to the "transactions"

motive stressed in the literature.

A second reason for holding money is as a reserve for future emergencies. In the actual world,

money is but one of many assets that can serve this function. In our hypothetical world, it is the only
such asset. This reason corresponds to the "asset" motive for holding money.

It is worth noting that both reasons depend critically on characteristic (5) of our economy, the

existence of individual uncertainty. In a world that is purely static and individually repetitive, clearing
arrangements could be made once and for all that would eliminate the first reason, and there would be

no unforeseen emergencies to justify holding money for the second reason.

How much money would people want to hold for these reasons? Clearly, this question must be

answered not in terms of nominal units but in terms of real quantities, i.e., the volume of goods and

services over which people wish to have command in the form of money. I see no way to give any
meaningful answer to this question on an abstract level. The amount will depend on the details of the

institutional payment arrangements that characterize the equilibrium position reached, which in turn will
depend on the state of the arts, on tastes and preferences, and on the attitudes of the public toward

uncertainty.

It is easier to say something about the amount of money people would want to hold on the basis
of empirical evidence. If we identify the money in our hypothetical society with currency in the real

world, then the quantity of currency the public chooses to hold is equal in value to about one-tenth of a
year's income, or about 5.2 weeks income.  That is, desired velocity is about ten per year.

If we identify money in our hypothetical society with all non-human wealth in the real world, then

the relevant order of magnitude is about three to five years income. That is, desired velocity is about .2
to .3 per year.

Since we are only provisionally treating our money as the equivalent of all wealth, I shall use the
first comparison, and assume, therefore, that the equilibrium position is defined by an absolute level of
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prices which makes nominal national income equal to $10,000 per year, so that the $1,000 available to

be held amounts to one-tenth of a years income. This is an average. Particular individuals may hold

cash equal to more or less than 5.2 weeks income, depending on their individual transactions
requirements and asset preferences. As always, nominal national income has several faces: the value

of final services consumed, the value of productive services rendered, and the sum of the net value
added by the enterprises in the community. In our hypothetical society all of the difficult problems of

national income accounting are by-passed, so we need not distinguish between different concepts of

national income.

III. EFFECT OF A ONCE-AND-FOR-ALL CHANGE IN THE NOMINAL QUANTITY OF MONEY

Let us suppose now that one day a helicopter flies over this community and drops an additional
$1,000 in bills from the sky, which is, of course, hastily collected by members of the community. Let us

suppose further that everyone is convinced that this is a unique event which will never be repeated.

To begin with, suppose further that each individual happens to pick up an amount of money equal
to the amount he held before, so that each individual finds himself with twice the cash balances he had

before.

If every individual simply decided to hold on to the extra cash, nothing else would happen. Prices

would remain what they were before, and income would remain at $10,000 per year. The community's

cash balances would simply be 10.4 weeks' income instead of 5.2.

But this is not the way people would behave. Nothing has occurred to make the holding of cash

more attractive than it was before, given our assumption that everyone is convinced the helicopter
miracle will not be repeated. (In the absence of that assumption, the appearance of the helicopter

might increase the degree of uncertainty anticipated by members of the community, which, in turn,

might change the demand for real cash balances).

Consider the "representative" individual who formerly held 5.2 weeks' income in cash and now

holds 10.4 weeks' income. He could have held 10.4 weeks' income before if he had wanted to-by
spending less than he received for a sufficiently long period. When he held 5.2 weeks' income in cash,

he did not regard the gain from having $1 extra in cash balances as worth the sacrifice of consuming

at the rate of $1 per year less for one year, or at the rate of ten cents less per year for ten years. Why
should he now, when he holds 10.4 weeks' income in cash? The assumption that he was in a stable

equilibrium position before means that he will now want to raise his consumption and reduce his cash
balances until they are back at the former level. Only at that level is the sacrifice of consuming at a

lower rate just balanced by the gain from holding correspondingly higher cash balances.

Note that there are two different questions for the individual:

(1) To what level will he want ultimately to reduce his cash balances? Since the appearance of

the helicopter did not change his real income or any other basic condition, we can answer this
unambiguously: to their former level.
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(2) How rapidly will he want to return to the former level? To this question, we have no answer.

The answer depends on characteristics of his preferences that are not reflected in the stationary

equilibrium position.

We know only that each individual will seek to reduce his cash balances at some rate. He will do

so by trying to spend more than he receives. But one man's expenditure is another man's receipt. The
members of the community as a whole cannot spend more than the community as a whole

receives-this is precisely the accounting identity underlying the multiple faces of national in-conic. It is

also a reflection of the capital identity: the sum of individual cash balances is equal to the amount of
cash available to be held. Individuals as a whole cannot "spend" balances; they can only transfer them.

One man can spend more than he receives only by inducing another to receive more than he spends.

It is easy to see what the final position will be. People's attempts to spend more than they receive

will be frustrated, but in the process these attempts will bid up the nominal value of services. The

additional pieces of paper do not alter the basic conditions of the community. They make no additional
productive capacity available. They alter no tastes. They alter neither the apparent nor actual rates of

substitution. Hence the filial equilibrium must be a nominal income of $20,000 instead of $10,000, with
precisely the same flow of real services as before.

It is much harder to say anything about the transition. To begin with, some producers may be

slow to adjust their prices and may let themselves be induced to produce more for the market at the
expense of non-market uses of resources. Others may try to make spending exceed receipts by taking

a vacation from production for the market. Hence, measured income at initial nominal prices may
either rise or fall during the transition. Similarly, some prices may adjust more rapidly than others, so

relative prices and quantities may be affected. There might be overshooting and, as a result, a cyclical

adjustment pattern. In short, without a much more detailed specification of reaction patterns than we
have made, we can predict little about the transition. It might vary all the way from an instantaneous

adjustment, with all prices doubling overnight, to a long drawn out adjustment, with many ups and
downs in prices and output for the market.

We can now drop the assumption that each individual happened to pick up an amount of cash

equal to the amount he had to begin with. Let the amount each individual picks up be purely a chance
matter. This will introduce initial distribution effects. During the transition, some men will have net

gains in consumption, others net losses in consumption. But the ultimate position will be the same, not
only for the aggregate, but for each individual separately. After picking up the cash, each individual is

in a position that he could have attained earlier, if he had wished to. But he preferred the position he

had attained prior to the arrival of the helicopter. Nothing has occurred to change the ultimate
alternatives open to him. Hence he will eventually return to his former position. The distributional

effects vanish when equilibrium is re-attained.

The existence of initial distributional effects has, however, one substantive implication: the

transition can no longer, even as a conceptual possibility, be instantaneous, since it involves more than

a mere bidding up of prices. Let prices double overnight. The result will still be a disequilibrium
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position. Those individuals who have picked up more than their pro-rata share of cash will now have

larger real balances than they want to maintain. They will want to "spend" the excess but over a period

of time, not immediately. (Indeed, given continuous flows and only services to purchase, they can
spend a finite extra amount immediately only by spending at an infinite rate for an infinitesimal time

unit.)

On the other hand, those individuals who have picked up less than their pro rata share have lower

real balances than they want to maintain. But they cannot restore their cash balances instantaneously,

since their stream of receipts flows at a finite time rate. They will have some desired rate at which
they wish to build up their balances. Hence, even if all prices adjusted instantaneously and everyone

had perfect foresight, there would still be an equilibrium path of adjustment to the initial differential
disturbance of real balances. This path defines the rate at which the relative gainers transfer their

excess balances to the relative losers. The relative gainers will have a higher than equilibrium level of

consumption and a lower level of production during the period of adjustment. The relative losers will
have a lower than equilibrium level of consumption, and a higher level of production.

This analysis carries over immediately from a change in the nominal quantity of cash to a
once-and-for-all change in preferences with respect to cash. Let individuals on the average decide to

hold half as much cash, and the ultimate result will be a doubling of the price level, a nominal income

of $20,000 a year with the initial $1,000 of cash.

IV. BASIC PRINCIPLES ILLUSTRATED

Our simple example embodies most of the basic principles of monetary theory:

(I) The central role of the distinction between the nominal and the real quantity of money.

(2) The equally crucial role of the distinction between the alternatives open to the individual and to

the community as a whole.

These two distinctions are the core of all monetary theory.

(2a) An alternative way to express (2) is the importance of accounting identities: the flow identity
that the sum of expenditures equals the sum of receipts (or, the value of final services acquired equals

the value of productive services rendered) and the stock identity that the sum of cash balances equals

the total stock of money in existence.

(3) The importance of attempts, summarized in the famous distinction between ex ante and ex

post. At the moment when the additional cash has been picked up, desired spending exceeds
anticipated receipts (ex ante, spending exceeds receipts). Ex post, the two must be equal. But the

attempt of individuals to spend more than they receive, even though doomed to be frustrated, has the

effect of raising total nominal expenditures (and receipts).

(4) The distinction between the final position and the transition to the final position: between

long-run statics and short-run dynamics.
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(5) The meaning of the "real balance" effect and its role in producing a transition from one

stationary equilibrium position to another.

Our example also embodies two essential empirical generalizations of long-run monetary theory:

(1) The nominal amount of money is determined primarily by conditions of supply.

(2) The real amount of money is determined primarily by conditions of demand-by the functional
relation between the real amount of money demanded and other variables in the system.

V. EFFECT OF A CONTINUOUS INCREASE IN QUANTITY OF MONEY

Let us now complicate our example by supposing that the dropping of money, instead of being a
unique, miraculous event, becomes a continuous process, which, perhaps after a lag, becomes fully

anticipated by everyone. Money rains down from heaven at a rate which produces a steady increase
in the quantity of money, let us say, of 10 per cent per year. The path of the quantity of money is

shown

    Figure 1

 in Figure 1, M0 being the initial quantity of money ($1,000 in our example), to the date at which the

money starts to rain from heaven, and 't the rate of growth of the quantity of money (10 per cent per
year in our example). Mathematically,

(1)M(t) = M0elt

The distribution of the additional nominal balances among individuals does not matter for our

purposes, provided that an individual is not able to affect the amount of additional cash he receives by

altering the amount of cash balances he holds. The simplest assumption is that each individual gets a
share of the new nominal balances equal to the percentage of nominal balances he initially held, and

that this share, once determined, remains constant, whatever his future behavior. The reason for this
assumption will become dear. Even with this assumption, there may be distributional effects, by

contrast with the once-and-for-all case, if final equilibrium cash balances are distributed differently

than initial balances. For the moment, however, we shall neglect any distributional effects.

Individuals could respond to this steady monetary downpour as they did to the once-and-for-all

doubling of the quantity of money, namely, by keeping real balances unchanged. If they did so, and
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responded instantaneously and without friction, all real magnitudes could remain unchanged. Prices

would behave in precisely the same manner as the nominal money stock. They would rise from their

initial level at the rate of 10 per cent per year, as shown in Figure 2, Nominal income, defined as the
value of services and excluding the bonanza from the sky, would behave in the same way; its time

path could be represented by the same line. The bonanza, if included, would raise nominal income
from:

(2)Y1(t) = Y0 $ elt

to

, (3)Y1(t) = Y0 $ elt + l $ M(t)

= (Y0 + l $ M0 ) $ elt

or, in terms of our example, from a value of $10,000 to a value of $10,100 at , the additional $100t = t0

representing the annual rate at which the quantity of money is initially being increased, i.e., at .t = t0

      Figure 2

However, given instantaneous adjustment and unchanged real balances, individuals would not

regard any of this additional $100 as available for purchasing services. All of it would have to be added

to nominal cash balances in order to keep them at the initial one-tenth of a year's income. So no real
magnitude would be affected.

If individuals did not respond instantaneously, or if there were frictions, the situation would be
different during a transitory period. The state of affairs just described would emerge finally when

individuals succeeded in restoring and maintaining initial real balances.

One natural question to ask about this final situation is, "What raises the price level, if at all points
markets are cleared and real magnitudes are stable?" The answer is, "Because everyone confidently

anticipates that prices will rise. There is an old saying that difference of opinion makes a horse race.
And so it is in any market involving the trading of existing assets. If there are wide differences of

opinion about the course of prices on the stock market, for example, there will be heavy trading,
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possibly with little change in prices. If there is widespread agreement, then prices can be marked up or

down with little actual trading.

In our example, prices rise, though markets are continuously cleared, because everybody knows
that they will. All demand and supply curves in nominal terms rise at the rate of 10 per cent per year,

and so do the market-clearing prices.

A related question is, "What makes the solution stable?" The answer is the potential effect of

departures. Let prices (and nominal income) for whatever reason momentarily rise less than 10 per

cent per year. Cash balances will then rise relative to income. The attempts to restore them to their
former level will raise prices as in the once-and-for-all example. The converse is true if prices momen-

tarily rise more than 10 per cent per year.

While individuals could respond to the steady monetary downpour as they did to the

once-and-for-all doubling of the quantity of money, by keeping all real magnitudes unchanged, they will

not in fact do so. To each individual separately, it looks as if he can do better. It looks to him as if, by
reducing his cash balances, he can use for consumption some of the money he gets from the helicopter

instead of simply adding all of it to his nominal cash holdings. It looks to him as if, for each dollar by
which he reduces his cash balances, he can get ten cents extra a year to spend on consumption.

Put differently, the individual will regard as available for spending on consumption, and for adding

to nominal cash balances, the nominal amount he receives for his productive services plus the amount
of cash he gets from the helicopter. When he got nothing from the helicopter and cash balances

amounted to 5.2 weeks' income (for the representative individual), he added nothing to his nominal
cash balances, yet they remained constant in real as well as nominal terms because prices were

stable. Storage costs and depreciation costs were zero, as it were. He did not try to add to his

balances because he regarded the sacrifice involved in consuming at the rate of $1 (or one cent) less
for a year as just (over) balancing the satisfaction from having $1 (or one cent) more in the form of

cash balances. Had half his cash balances suddenly been destroyed (as in the opposite of the
once-and-for-all increase), he would have tried to add to them because, while the sacrifice from

consuming at a lower rate presumably would not be affected, the satisfaction from having an extra $1

(or one cent) in cash balances would be higher when he had only half the real quantity of balances. He
would have continued trying to save at some rate until his cash balances were restored to 5.2 weeks

income, at which point he would again have been in equilibrium.

When the representative individual is getting cash from the helicopter he can keep his real cash

balances at 5.2 weeks income from the sale of services only by adding all the extra cash to his nominal

balances to offset rising prices. But now if he is willing to lower his cash balances by $I initially (and
by  at each point in time) he can consume at the initial extra rate of $1.10 per year (and at the rate1.eIt

of  per year at each point in time). Since he was just on the margin when the extra1 + .10e .It

consumption was at the rate of $1 per year he will now be over the margin amid will try to raise his

consumption Storage and depreciation costs are now ten cents per dollar per year, instead of zero, so

he will try to hold a smaller real quantity of money. Let us suppose, to be specific, that when prices are
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rising at 10 per cent a year, he desires to hold 1/12 instead of 1/10 of a year's proceeds from the sale

of services in cash balances, i.e., 4 1/3 instead of 5.2 weeks' income.

We are now back to our earlier problem. While to each individual separately it looks as if he can
consume more by reducing cash balances, the community as a whole cannot. Once again, the

helicopter has changed no real magnitude, added no real resources to the community, changed none of
the physical opportunities available. The attempt of individuals to reduce cash balances will simply

mean a further bidding up of prices and income, so as to make the nominal stock of money equal to

1/12 instead of 1/10 of a year's nominal income. The equilibrium path of prices (and of the nominal
value of services rendered) will be like the dotted line in Figure 3, parallel to the solid line but higher by

an amount depending on the size of . In our illustrative example, the level of prices would be 20 perl
cent higher than that shown by the solid line, since an increase of nominal income by 20 per cent

would reduce cash balances from 5.2 to 41/3 week's income (5.2 + 1.2 = 41/3).

  Figure 3

Once the community is on this path, it can stay there. Since both prices and nominal income are
rising at 10 per cent a year, real income is constant. Since the nominal quantity of money is also rising

at 10 per cent a year, it stays in a constant ratio to income -- equal to 41/3 weeks' of income from the
sale of services.

Attaining this path requires two kinds of price increase: (1) a once-and-for-all rise of 20 per cent,

to reduce real balances to the level desired when it costs ten cents per dollar per year to hold cash; (2)
an indefinitely continued rise in prices at the rate of 10 per cent per year to keep real balances

constant at the new level.

Something definite can be said about the transition process this time. During the transition, the

average rate of price rise must exceed 10 per cent. Hence, the rate of price rise must overshoot its

long-term equilibrium level. 1t must display a cyclical reaction pattern. In Figure 4, the horizontal solid
line is the ultimate equilibrium path of the rate of price change. The three broken curves illustrate

alternative possible transitional paths: curve A shows a single overshooting and then gradual return to
the permanent position, curves B and C show an initial undershooting, then overshooting 
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  Figure 4

t

This necessity for overshooting in the rate of price change and in the rate of income change

(though not necessarily in the level of either prices or income) is in my opinion the key element in
monetary theories of cyclical fluctuations. In practice, the need to overshoot is reinforced by an initial

undershooting (as in curves B and C of Figure 4). When the helicopter starts dropping money in a

steady stream-or, more generally, when the quantity of money starts unexpectedly to rise more
rapidly-it takes time for people to catch on to what is happening. Initially, they let actual balances

exceed long-run desired balances. They do so partly because they delay the adjustment of actual to
desired balances; partly because they may take initial price rises as a harbinger of subsequent price

declines, an anticipation which raises desired balances; and partly because the initial impact of

increased money balances may be on output rather than prices, which further raises desired balances.
As people catch on, prices must for a time rise even more rapidly, to undo an initial increase in real

balances as well as to produce a long-run decline.

While this one feature of the transition is clear, little can be said about the details without much

more precise specification of the reaction patterns of the members of the community and of the

process by which they form their anticipations of price movements.

We can now refine somewhat our description of the final equilibrium path. We have implicitly

been treating the real flow of services as if it were the same on the final equilibrium path as it was
initially. This is wrong for two reasons.

First, and less important for our purposes, there may be permanent distributional effects. On the
final path, some individuals may be receiving more cash from the helicopter than they require to keep
their real cash balances constant, given their share in the downpour and their tastes. Others may be

receiving less than they require. The first group is enriched relative to the second and will play a larger
role in determining the structure of production. Distributional effects will be absent if; on the final path,

the new money happens to be distributed among individuals in proportion to their desired holdings of

cash balances.

Second, and more important, real cash balances are at least in part a factor of production. To
take a trivial example, a retailer can economize on his average cash balances by hiring an errand boy
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to go to the bank on the corner to get change for large bills tendered by customers. When it costs ten

cents per dollar per year to hold an extra dollar of cash, there will be a greater incentive to hire the

errand boy, that is, to substitute other productive resources for cash. This will mean both a reduction in
the real flow of services from the given productive resources and a change in the structure of

production, since different productive activities may differ in cash-intensity, just as they differ in labor-
or hand-intensity.

VI. WELFARE EFFECTS

To each individual separately, the money from the sky seems like a bonanza, a true windfall gain.
Yet, when the community has adjusted to it, each individual separately is worse off-if we abstract

from the distributional effects noted in the second preceding paragraph. He is worse off in two
respects. 

(1) He is poorer because the representative individual now has a reserve for emergency equal to

41 weeks' income (which is also his usual consumption) rather than 5.2 weeks'.

(2) He has a lower real income because productive resources have been substituted for cash

balances, raising the price of consumption services relative to the price of productive services.

The loss on wealth account is the counterpart to non-pecuniary consumption returns from cash

balances-it reflects the role of wealth as an argument in the utility function. The loss on income

account is the counterpart to the productive services rendered by cash balances-it reflects the role of
cash balances as an argument in the production function.

We can get a rough measure of the magnitude of the loss along usual consumer surplus grounds.
In doing so, however, we must take into account two components of the loss. An individual who holds

a dollar in cash balances pays two prices: (1) the annual cost imposed by the rate of price inflation; (2)

the once-and-for-all cost of refraining from $1 of consumption to accumulate the dollar of cash
balances, or, equivalently, of abstaining from the dollar of consumption he could enjoy at any time by

reducing his balances by a dollar.

Before the continuous downpour started, the first price was zero; but the second was still present.

At his initial position, therefore, he must have valued the utility of the services he received by holding

an extra dollar as much as the utility he would have gotten from raising his consumption by $1 per year
for a year. In the new equilibrium position, this second price is the same, but, in addition, he must pay

ten cents per year indefinitely per dollar of real balances that he holds. Accordingly, he must regard a
dollar of his now lower cash balances as worth this extra price. The average value he attaches to a

dollar of the real cash balances that have disappeared is therefore one dollar's worth of consumption

(the same before and after) plus approximately five cents a year indefinitely (the average of zero and
ten cents). In our numerical example, cash balances decline from 5.2 to 4.33 weeks' consumption, or

by 13/15 of a week's consumption. Therefore, the continuous downpour has cost the community the
equivalent of 13/15 of a week's consumption plus 1/12. 13/15 = 13/300 of a week's consumption per

year indefinitely. (Expressed in the equivalent United States magnitudes, this is about $10 billion plus
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$500 million a year indefinitely.) Since we have not yet introduced an interest rate, we have as yet no

way of combining these two components of cost.

The reason for the loss in welfare is clear: the existence of external effects, or a difference
between cost to an individual and cost to all individuals affected. Consider the initial position of

constant prices. For an individual to add one dollar to his cash balances he would have to consume $1
less-at the rate, say, of $2 a year less for six months, or $1 a year less for a year, or fifty cents a year

less for two years. But were any individual to do so, he would make the price level slightly lower than

it would otherwise be. This would have the external effect of yielding capital gains to all other holders
of money, trivial to each but enabling them in the aggregate to consume precisely $1 more while

keeping their real balances constant. Total consumption would not change. The individual who adds to
cash balances confers a benefit on his fellows for which he cannot collect compensation. The rate at

which he can substitute cash balances for consumption thus differs from the rate at which it is

technically possible to do so.

The situation is the same with the other component of cost, the ten cents a year required to hold a

dollar of real balances when prices are rising at the rate of 10 per cent a year. This component too is
an apparent cost to the individual, but is balanced by uncompensated gains to others, so that the cost to

all together is zero per year, not ten cents per year.

VII. EFFECT OF A CONTINUOUS DECREASE IN THE QUANTITY OF MONEY

When prices are stable, one component of the cost is zero--namely, the annual cost-but the other

component is not-namely, the cost of abstinence. This suggests that, perhaps, just as inflation produces
a welfare loss, deflation may produce a welfare gain.

Suppose therefore that we substitute a furnace for the helicopter. Let us introduce a government

which imposes a tax on all individuals and burns up the proceeds, engaging in no other functions. Let
the tax be altered continuously to yield an amount that will produce a steady decline in the quantity of

money at the rate of, say, 10 per cent a year. 1t does not matter for our purposes what the tax is, as
long as an individual cannot affect his tax by altering his cash balances.

    Figure 5
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By precisely the same reasoning as before, the final equilibrium path will be the dotted line in

Figure 5 - prices decline at a rate of 10 per cent a year, but at a lower level than the solid line linked to

the initial price level. When prices are declining, a dollar of cash balances yields a positive return. The
real services that a dollar of balances will command grow at a rate of 10 per cent per year. This

makes cash balances more attractive and thus raises the quantity individuals want to hold. Prices must
decline not only in proportion to the quantity of money (which follows a path like the solid line in Figure

5) but by enough more to raise real balances (or the ratio of money to income) to the desired level-say,

to 6.24 weeks' income. Figure 6 shows the demand curve for real balances implicit in this and the
earlier examples.

       Figure 6

At the new equilibrium, with cash balances equal to 6.24 weeks' income, every individual is richer

(if we neglect distributional effects) than he was before-he has a larger reserve for emergencies. The
other real resources available to the community are the same as before. It looks, therefore, as if

everyone is better off than before, and as if the higher the rate of price decline, the greater the welfare
gain.

But the appearance is misleading, as we can see by considering what happens if we increase the

rate of decline of prices. Beyond some point, it pays individuals to hold extra balances to benefit from
their increasing purchasing power even if it costs something to do so. The retailer dispenses with an

errand boy to economize on cash balances, which is a gain, but, at some point, he must hire guards to
protect his cash hoard. 1t pays him to do so because of their rising real value. The extra real balances

not only do not save productive resources, they absorb them. Similarly, on the asset side, cash will be

held beyond the point at which additional cash brings non-pecuniary returns in security and satisfaction
from being wealthy. The amount held will, at the margin, reduce utility-because of concern about the

safety of the cash, perhaps, or because of pecuniary costs of storing and guarding the cash.

For a sufficiently small rate of decline in prices, it seems clear that there will be a net benefit; for

a sufficiently large rate of decline, a net loss. What is the optimum rate of decline?
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The real returns or costs to an individual from holding cash balances can be classified under four

items:

(1) The rise or decline in the purchasing power of a dollar. What matters is not the actual rise or
decline but the anticipated rise or decline. This item we can represent by

(4)−( 1
P $ dP

dt )&

where the asterisk indicates anticipated value. If a decline in prices is anticipated, this is positive and

represents a return; if a rise in price is anticipated, this is negative and represents a cost. For any

individual, the anticipated rate of price decline does not depend on his own holdings of cash balances,
so average and marginal return or cost are equal.

(2) The productive services rendered per year by a dollar of cash balances as a factor of
production. The value of these services does depend on the amount of cash balances the individual

holds, so one must distinguish between average and marginal return. The relevant magnitude is the

marginal return, which we may designate

, (5)MPM

or marginal product of money. Since this is product per dollar per year, it, like (4), has the dimensions
of the reciprocal of time, that is, of an interest rate. Like (4) also, it can be positive, and thus a return,

or negative, and thus a cost. It is natural to assume diminishing marginal returns throughout.

(3) The non-pecuniary consumption services to the holder of cash balances. Let us suppose that
we can express the marginal value of these services in a money equivalent, as cents per year per

dollar of balances. Designate this marginal return

, (6)MNPS

or marginal non-pecuniary services. Again it may be positive or negative. And, again, it is natural to

assume diminishing marginal returns.

(4) The cost of abstaining from a dollar of consumption. This depends on the individual's time

preference or internal rate of discount of the future. Let us suppose that, at some level of real cash
balances, he values the sum of the preceding three items as ten cents per year per dollar of cash

balances. By consuming one dollar more (say, by consuming at the rate of one dollar per year more

for a year), he would subtract a dollar from his cash balances and thereby sacrifice a permanent
consumption stream in the form of these three items of ten cents per year indefinitely. Conversely, by

lowering his consumption by a total of a dollar, he could acquire an additional permanent consumption
stream of 10 cents per year indefinitely. If, under those circumstances, he chooses to add to his con-

sumption by depleting his real cash balances, his internal rate of discount is more than 10 per cent. If

he chooses to keep real cash balances constant, his internal rate of discount equals 10 per cent. If he
chooses to add to his real cash balances, his internal rate of discount is less than 10 per cent.

Designate this internal rate of discount
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. (7)IRD

It, too, is marginal and has the dimensions of a percentage.

Note that the preceding paragraph defines the internal rate of discount only at the point of a
constant flow of consumption. The value of the internal rate of discount at that point does not

determine at how rapid a pace the individual will add to or subtract from his cash balances (will save
or dissave), only whether he will. How much he will save or dissave depends on what happens to the

IRD as he alters his rate of saving or dissaving, i.e., as he alters his prospective time pattern of

consumption. The more he cuts down present consumption to raise his future consumption stream (in
the form of the first three items), the more reluctant he will be to cut it down further, i.e., the higher

will be IRD (this is Bohm-Bawerk's first reason for time preference). His rate of saving or dissaving
at any moment will be determined by the point at which IRD rises enough to equal the sum of items

(4), (5), and (6), which sum itself may change with the rate of saving or dissaving. Where relevant, we

shall distinguish the IRD when saving is zero from its generalized value by designating it IRD(0).

For the full set of time patterns of consumption that consists of constant levels of consumption, it

is not at all clear whether the IRD is best considered a constant for each individual or whether it
should be regarded as a function of other variables, particularly (a) the level of consumption, and (b)

the ratio of wealth to income. I can see no way to say how it depends on (a), i.e., whether it can be

expected to rise or fall as the level of consumption rises. I shall therefore assume it to be unaffected
by (a).

Variable (b) raises a much more difficult problem. 1t is not clear that IRD should be affected by
(b) at all. Whatever the wealth-income ratio, the exchange involved is a temporary reduction in

consumption in return for a permanently higher consumption stream. If IRD is affected by (b), stability

considerations call for IRD to be higher, the higher is the ratio of wealth to income. The rationalization
is that the higher this ratio is, the more provision has already been made for the future, and the less

willing the individual will be to sacrifice the present for the future. The difficulty with this
rationalization is that it confounds the decline in MNPS as wealth rises relative to income with a rise in

IRD. It is not clear that there is any way to distinguish the two. We shall return to this puzzling and

sophisticated question later.

The IRD enables us to translate a stock into a flow. 1t is the device needed to combine the two

components of cost in Section VI above.

The individual will be in a position of long-run equilibrium with respect to his cash balances when:

(8)−( 1
P $ dP

dt )& + MPM + MNPS = IRD(0)

If we assume for the moment that IRD(0) is a positive and constant number, we can see how this
equation summarizes our earlier analysis. Let prices be rising and anticipated to rise. Then the first

term is negative. Cash balances must be small enough to yield a positive marginal return in productive
services and non-pecuniary services, not only to offset the first term but also to balance the right-hand
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side. Reduce this anticipated rate of price rise and the left side will exceed the right. An increase in

cash balances will now bring down MPM + MNPS, and thereby produce a new balance. Let prices be

anticipated to fall, and the first term becomes positive. If it is larger than IRD(0), then cash balances
will have to be sufficiently large to make MPM + MNPS negative.

Of the four terms in equation (8), MPM and MNPS are gains to the individual that involve no
external effects on others. The individual gets all the benefits. As we have seen, the rate of price rise

or fall is a cost or return to the individual of altering his cash balance that confers or imposes a

precisely compensating return or cost on others. Similarly, the IRD(0) is a cost to the individual of
altering his cash balances that confers a precisely compensating benefit on others. In our simple

society, if he reduces his consumption, all others will be able to consume a bit more. If all individuals
simultaneously seek to reduce consumption to add to cash balances, they will lower prices, raising real

cash balances without reducing total consumption.

Note that this conclusion does not hold for a commodity money (say, gold) which is produced
under conditions of constant cost. The attempt by an individual to hold cash balances would initially

tend to lower prices, but this would in turn divert resources to gold production and leave prices
unchanged. In effect, the individual consumes a dollar less and the resources so released are diverted

to producing an additional dollar's worth of gold. There are no external benefits conferred. However, if

the commodity money is fixed in quantity and incapable of being produced, then the same conclusion
would hold for it as for our fiat money.

1t follows that cash balances of the fiat money will be at their optimum level in real terms when

, (9)− 1
P $ dP

dt
&

= IRD(0)

so that

. (10)MPM + MNPS = 0

In words , under our assumptions, it costs nothing to provide an extra dollar of real balances. All

that is required is a slightly lower price level. Hence cash balances will be at their optimum when they
are held to satiety, so that the real return from an extra dollar held is zero.

This solution is for an individual. What of the community? If IRD(0) were a constant for each

individual separately, and also the same constant for all individuals, this solution would carry over to the
community as well: the optimum quantity of money would be attained by a rate of price decline that

would be equal to the common value of IRD(0).

This conclusion raises three problems First, why should different individuals have the same

IRD(0) ? Second, how could one know whether they had the same IRD(0), and what its value would

be, from observable market phenomena ? Or, alternatively, how could one know whether equation (9)
was satisfied ? Third, if they do not all have the same IRD(0), or if this is not a constant but a function

of other Variables, what then is the policy that yields the optimum quantity of money?
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VIII. INTERNAL RATES OF DISCOUNT FOR DIFFERENT INDIVIDUALS

One possible theoretical justification for regarding IRD(O) as both a constant and the same for all

individuals is that, under the conditions assumed in our simple society, the "rational" individual will have
an IRD(0) = 0, i.e., he will not discount the future.

The more obvious reasons for discounting the future relative to the present are absent. 

(1) One reason is anticipation of a higher future than present consumption. If marginal utility of

consumption declines with the level of consumption at each point of time, then, even if present

consumption and future consumption are valued alike for a stable consumption stream, future con-
sumption will be valued less than present consumption when the consumption stream is expected to

rise. However, we have defined IRD(0) for a stable consumption stream.

(2) A second reason is limited life. This will produce a discount on future consumption if the

individual attaches less importance to his heirs' utility from consumption than to his own. In that case,

he will attach a lower value to consumption beyond his own lifetime than to consumption during his
lifetime.

(3) Uncertainty of length of life will cause him to extend this discount on future consumption to
periods less than his "expected" (i.e., average) length of life.

Our assumptions rule out both (2) and (3) by treating the individuals as immortal and

unchangeable.

Are there any other "rational" reasons for discounting the future? As I interpret the literature, it

answers in the negative-that is why the term "under-estimation" of the future is so often used as a
synonym for a positive internal rate of discount.

The appeal of this conclusion can be seen very clearly in our simple economy. By reducing his

consumption temporarily-say, by $1 a year for a year-one of our immortal individuals can acquire an
asset (a dollar of cash balances) that will yield him services that he regards as worth, say, ten cents a

year indefinitely. By a temporary sacrifice, he can permanently raise his level of consumption.
Suppose at time to he does not do so. At some hater time t will lie not reproach himself for not having

done so? He will say to himself: "Had I been sensible enough to make a temporary sacrifice years ago,

it would be long past by now, but I would be enjoying today, and forever after, a higher level of
consumption. I was a fool not to have made the sacrifice then." And this retrospective judgment does

not involve any knowledge the individual did not have available at time to. His failure to make the
temporary sacrifice then therefore conflicts with one characteristic it is natural to assign to "rational"

behavior: behaving in a way that one does not later regret on the basis of data initially available .

Even if the individual reasons in this way, it does not mean that there is no limit to the amount he
will save at time to, only that he will save something. As he saves, he brings into play reason (1) for

discounting future consumption. The "rational" man, on this logic, will regard a unit of present utility as
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equal to a unit of future utility. He will not necessarily regard a unit of present consumption as equal to

a unit of future consumption.

This conception of rational behavior underlies conclusions such as that reached by Maurice Allais,
that the optimum real interest rate is zero and the optimum stock of capital in a stationary state is that

at which the marginal productivity of capital is zero. It underlies in a more sophisticated way also the
more recent work on "golden growth paths" which regard the highest possible level of consumption per

capita as an optimum.

If one accepts this line of reasoning and supposes that the individuals in our hypothetical society
behave rationally, the solution to our problem is immediate. The optimum situation is reached with a

constant quantity of money and an ultimately stable price level. Equation (9) is then satisfied and,
hence, so is equation (10). Individuals separately will try to accumulate cash balances up to the point at

which the marginal yield of cash is zero. Their attempts will produce a price level that makes real cash

balances sufficiently large to have a zero marginal yield.

However, I find it hard to accept this conclusion. Generalized to a world in which other forms of

capital assets exist, it implies that a stationary equilibrium is possible only with capital satiety, i.e., a
zero marginal yield of real capital. (The existence of such a situation would answer the second

question raised above-the observable market phenomenon that would give the common value of

IRD(0).) A positive marginal yield of capital, however small, would be a sufficient condition for
growth. This seems to me inconsistent with experience. Much, if not most, of human experience has

consisted of a roughly stationary state-Europe in part of the middle ages, for example, and surely
Japan for centuries prior to the nineteenth. Was the marginal yield on capital zero in those

communities?

If it was positive, the present analysis would have to explain the lack of growth by either a lesser
regard for one's heirs than for oneself, or by irrational behavior-by selfishness or short-sightedness.

Neither appeals to me strongly as a satisfactory explanation. Yet I must confess that I have found no
other.

Nonetheless, it seems worth examining the effects of an IRD(0) not equal to zero for every

individual, but positive at least for sonic, heaving open whether such a situation is to be explained by
selfishness, short-sightedness, or some still undiscovered reason for discounting the future.

In order to examine these effects, we must complicate our simple society. In that society,
corresponding to any steady rate of growth or decline of the quantity of money, there will be an

equilibrium position in which each individual adjusts his cash balances to satisfy equation (8). This is a

stable position whether IRD is the same or different for different individuals, and market phenomena
give no evidence of what the value of IRD is for any one individual. All we know is that, for all alike,

given their levels of cash balances,

(11)IRD(0) − MPM − MNPS = − 1
P $ dP

dt
&
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We need additional information to evaluate the individual terms on the left-hand side of the

equation. We can get such additional information by relaxing some of our initial conditions.

IX. INTRODUCTION OF LENDING AND BORROWING

As a first step, let us relax condition (9), on page 2 above, to permit lending and borrowing, while

retaining all other conditions. These other conditions mean that borrowing will be of only two kinds, (a)
to finance extra consumption, or (b) to finance the holding of cash balances as a productive resource.

To simplify matters, let us suppose that there is only a single kind of debt instrument, namely, a

promise to pay $1 a year indefinitely, a perpetuity or "consol". Let us suppose also that productive
enterprises are like corporations in our world-separate entities distinguishable from the individuals who

are the ultimate wealth-owners, consumers, and sellers of productive resources. The only permanent
asset enterprises have title to, under our assumptions, is cash, and they acquire this cash by borrowing

from individuals. In this way, total cash balances can be divided into two parts:

Me = cash balances of enterprises

Mw = cash balances of ultimate wealth-holders.

The counterparts of Me in the portfolios of ultimate wealth-holders are then the debt instruments
issued by the business enterprises.

We shall suppose also that all debt instruments are homogeneous, whether issued by enterprises

or individuals, are regarded as default-free, and are traded in a free market like that in which services
trade.

Let us call the individual debt instrument a "bond", and let B be the number of debt instruments,
i.e., the number of perpetuities each promising to pay $1 a year. Let PB be the price of a debt

instrument, and rB the reciprocal of PB, or , which is an interest rate.1
PB

If PB is anticipated to remain constant on the average, though subject to variations, then rB is the
anticipated pecuniary return to a lender per dollar loaned and the anticipated pecuniary cost to a

borrower per dollar borrowed. However, just as the holding of money balances yields non-pecuniary
returns in the form of a feeling of security and pride of possession, so also the possession of a bond

may yield similar non-pecuniary returns and the issuance of a bond may involve non-pecuniary costs.

The marginal non-pecuniary services yielded by a dollar's worth of bonds presumably depends on the
stocks of both money and bonds held by the individual, and so does the marginal non-pecuniary

services yielded by money balances. What matters is not the nominal value of the two stocks, but their
real value, which we may represent by expressing the value of the stocks of both money and bonds as

a ratio to income available for purchasing consumption goods (i.e., after debt service or inclusive of

interest yield, but before savings or dissavings).

Let
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m i = M i
Y i

(12)vi = B iPB
Yi

represent these ratios for money and bonds respectively for individual i, where Me and Bi are the
nominal amount of money and the number of bonds, respectively, held by individual i, and Yi is his

nominal income per unit time. Let

MNPSM(m i, vi)

(13)MNPSB(m i, vi)

be the marginal value of non-pecuniary services, measured in cents per unit time per dollar of capital
value, yielded by money and bonds to individual i when his holdings of them are mi and vi. Note that vi

may be positive or negative and that  may be negative.(mi +v i)

Intuitively, money seems to be a more efficient carrier of non-pecuniary services of the kind

under consideration than bonds (this is the central idea imbedded in Keynesian liquidity preference) .

To represent this feature, we shall assume

 and    have the same sign,     (14a)  MNPSM(m i, vi) MNPSB(m i, vi)

and

(14b)MNPSM(m i, vi) m MNPSB(m i, vi)

for all values of mi and vi, the equality sign holding only when MNPSM is zero. In words, if money

yields positive marginal non-pecuniary services, so do bonds; if money yields negative marginal
non-pecuniary services, so do bonds. When both yield positive services, an individual who is

compensated for any loss of pecuniary return will always prefer a portfolio which has $1 more of
money and $1 less of bonds. If he is sated with one, he is sated with both, and therefore indifferent to

bonds and money. When both yield negative returns, he will prefer the bonds to the money. That is,

money dominates bonds in the provision of non-pecuniary services. This condition hooks innocuous, yet
it turns out to be critical.

A. Quantity of Money Constant

Let us revert to the first case considered, with neither helicopter nor furnace, in which the

quantity of money is constant. Also, let us neglect Me for a time by assuming that MPM = 0 for all

values of Me, so that Me is also 0 (i.e., cash balances do not enter the production function) .

Suppose lending and borrowing are introduced into our earlier society when it is in an equilibrium

position with different individuals having different values of IRD(0). Consider two individuals, Mr.
Swinger, or S for short, who is willing to give up 20 cents a year indefinitely to raise his rate of

consumption by $1 a year for one year [IRD(0) = .20], and Mr. Rational, or R for short, who would

not be willing to reduce his permanent consumption stream at all in order to get a temporary increase
in consumption of $1 a year for a year [IRD(0) = 0].
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At the initial position,

For S: MNPSM(mS, 0) = IRD(0) = .20 (15)

For R: MNPSM(mR, 0) = IRD(0) = .00

Each can now acquire or issue bonds by saving or dissaving. Let Si equal the amount individual i

saves expressed as a fraction of income available for consumption (the base of mi and vi). Then both
initially and at every later moment, if all individuals act as if PB will remain constant on the average,

each will save up to the point at which

(16)MNPSM(m i, vi) = IRD(si) = rB + MNPSB(m i ,vi)

or, subtracting MNPSB from all terms, at which

MNPSM(m i, vi) − MNPSB(m i, vi) = IRD(si) − MNPSB(m i,vi) = rB

(17)

Equations (16) and (17) are simplified versions of equation (8), simplified because they assume

( I
P

dP
dt )& = MPM = 0

amplified because they include bonds and admit the possibility of non-zero saving. At the initial point,

when vi = 0, and si = 0 for both, we know from (14) and (15) that the first two expressions of (17)
[MNPSM - MNPSB and IRD - MNPSB] are positive for S and zero for R. Hence there will be some

range of positive rates of interest at which it will be mutually advantageous for S to borrow from R.

How much S will want to borrow and R to lend will depend on the precise interest rate and on their
tastes. When borrowing takes place, each shifts from a constant consumption stream to a changing

one-declining for S, because current consumption is raised by his borrowing to a higher level than he
can expect to maintain, rising for R, because current consumption is reduced by his loan to a lower

level than he plans to maintain, which will lower the IRD for S and raise it for R. Since, on our

assumptions, MNPSM and MNPSB depend only on mi and vi and not their rate of change, and since,
for a given rB, mi and vi are fixed at a given moment of time (except possibly for an initial reshuffling

considered below), the change in IRD is what limits the amount that lenders are willing to lend and
borrowers are willing to borrow at each interest rate.

If bonds yielded no non-pecuniary services, the size of IRD(0) would determine which individuals

would be savers and which dissavers, as it does in the example of S and R because the IRD(0) of R =
0. Individuals with a high internal rate of discount would borrow from those with a low internal rate of

discount, and borrowing and lending would be at a level at which all IRD(si)'s were equal. This is no
longer necessarily true when bonds yield non-pecuniary returns. An individual who values such

non-pecuniary returns highly relative to the non-pecuniary returns from money may save even though

his IRD(0) is relatively high. But, at each interest rate, some will be borrowers, some lenders. At
lower and lower interest rates, more will be borrowers and each of these will be willing to borrow

more, while fewer will be lenders and each will be willing to lend less. Hence there will be some
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interest rate, at each point in time, at which equation (17) will be satisfied for each individual, and at

which the quantity of bonds demanded is equal to the quantity supplied. But at that interest rate, the

IRD(si)'s need not be equal.

What initial effect, if any, will the introduction of borrowing and lending have on the demand for

cash balances? For Mr. Swinger, his IRD is now lower, hence he will want to hold larger cash
balances. Indeed, he may want to borrow precisely to accumulate cash balances. For Mr. Rational, his

IRD is now higher, hence he will want to hold lower cash balances. Indeed, he may finance his lending

by drawing down cash balances.

Insofar as people want to borrow to hold higher cash balances or lend to hold lower cash

balances, this can occur at an instant of time by a reshuffling of cash and securities, a transfer of
stocks of cash for stocks of securities. Insofar as they want to borrow to raise the current level of

consumption of currently produced services or lend to reduce the current level of consumption and

raise the future level, this is a transfer of flows for flows and must occur over time.

Let there be an instantaneous reshuffling of cash and securities. Will the real amount of cash

demanded remain the same, rise, or fall? I see no way of knowing. That depends on the precise
structure of tastes for cash balances on the part of those with high IRD(O)'s and those with low

IRD(0)'s. If the real amount of cash demanded is higher, that will require and produce a reduction in

prices; if lower, a rise in prices. For simplicity, let us assume that the real amount of cash demanded is
unchanged and hence that there is no change in prices. 

As the borrowing and lending process proceeds, some members of the community accumulate
bonds, others accumulate an obligation to pay interest on the bonds. What will be the final stationary

equilibrium position?

That position is defined by the satisfaction of equation (17) for all individuals at a value of si=0.
Three sets of forces put in motion by the process of borrowing and lending may contribute to the

attainment of such an equilibrium.

(1) Changing distribution of wealth.  As the process proceeds, the lenders accumulate wealth and

hence have higher and higher incomes available for consumption (if  is the original income of lenderYi
0

i from the sale of services, his income becomes , and  is positive), while borrowersYi
0 +B i B i

decumulate and hence have lower and lower incomes available for consumption. Suppose that for

each individual all terms in (17) remained unchanged in the process. Then at each interest rate si
would be unchanged. But positive si's would be applied to larger and larger bases, and negative si's to

smaller and smaller bases. The absolute demand for bonds would shift to the right and the absolute

supply of bonds to the left, forcing down rB, which would increase the number of borrowers and
decrease the number of lenders. The asymptotic limit would be that at which only those individuals

who had the lowest common value of IRD(0) - MNPSB(mi, vi) would have funds left from which to
save. The value of rB would be equal to that lowest value and there would be no net saving or

dissaving.
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(2) Changing values of non-pecuniary services. As the process proceeds, the ratio of wealth to

income available for consumption (mi + vi) is likely to grow for the savers and decline for the

dissavers. For the savers, this will tend to lower both MNPSB and MNPSM, and so, for a given interest
rate, require a reduction in IRD(si) for equilibrium. This will be produced by a reduction in the fraction

of income saved. For borrowers, the effect will be to raise both MNPSB and MNPSM and so to require
a higher IRD(si) for equilibrium. This will be produced by a reduction in the fraction of income

dissaved. Both the supply of bonds and the demand for bonds will decline on this account. There is no

way of saying what, on this score alone, will happen to the interest rate; we can only say that the
volume of lending and borrowing will be reduced. If this factor alone were at work, equilibrium would

be attained by changes in the MNPSM and MNPSB that would bring (1 7) into equality for each
individual at si = 0, with IRD(0) - MNPSB(mi, vi) equal for all individuals.

(3) Changing internal rates of discount.  A third possible equilibrating factor is changes in IRD(0),

the internal rate of discount when saving is zero. It is some-times argued that this rate should depend
on the level of consumption. The savers, when they reach equilibrium, will have a higher level of

consumption trl initially, while the dissavers will have a lower level. The usual relation supposed is that
the lower the level of consumption, the higher the internal rate of discount ("The poor are more

short-sighted than the rich"). However, this would produce a disequilibrating movement as the process

went on, because it would increase the gap between IRD(0) and MNPSB for dissavers to close by
dissaving. Moreover, it is hard to see on theoretical grounds any reason why the internal rate of

discount should be systematically related to the level of consumption, when the level of consumption is
constant over time. If current consumption is low, so is future consumption; hence, if current needs are

regarded as urgent, future needs will be also. I am inclined therefore to rule out this possibility.

A more appealing possibility, though one that for reasons already suggested raises difficulties as
well, is that IRD(0) depends on the wealth/income ratio, rising as the wealth-income ratio rises and

falling as the wealth-income ratio falls. Since the wealth-income ratio is likely to rise for savers and
decline for dissavers, this will produce an equilibrating movement, tending to bring the values of

IRD(0) - MNPSB together for savers and dissavers.

(4) Final stationary equilibrium position. Whether brought about by one or a combination of these
three forces, the final stationary equilibrium will equate

(18)MNPSM − MNPSB = IRD(0) − MNPSB = rB

for all individuals. Moreover, because of our assumption that M, the nominal stock of money, is fixed,

the price level will be stationary when (18) is satisfied, so

(19)( 1
P

dP
dt ) = ( 1

P
dP
dt )& = 0

The final equilibrium price level need not of course be the same as the price level immediately

after the introduction of borrowing and lending. General considerations suggest that it should be higher,
i.e., that real balances should be lower as a fraction of income. There is now an additional means of

providing for emergencies, so the utility of cash balances for this purpose should be less. Of the three
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forces listed as tending toward stationary equilibrium, the first (the changing distribution of wealth)

clearly works in this direction, since the individuals who initially are led to hold lower money balances

come to play a more and more dominant role in the final position. Neither of the other forces has a
similarly unambiguous effect on desired cash balances.

We can readily reintroduce money as a productive resource and drop the assumption that 
. At every moment, businesses will acquire that stock of cash balances for which M e = MPM = 0

, provided that they anticipate PB will be constant on the average. No non-pecuniaryMPM = rB

elements enter in, so this is an easy problem.

The final equilibrium will then be characterized by

(20)MPM − MPNSM − MNPSB = IRD(0) − MNPSB = rB

for every business enterprise and every individual separately. (i.e., MPM stands for a set of MPM's,

one for each business enterprise. Similarly, the next two expressions each stand for a set, one for each

individual, so that, if written out in full, (20) would contain ne + 2nw + 1 expressions linked by equality
signs, where ne is the number of enterprises and nw the number of ultimate wealth-holders.) The

variables that enable this solution to be attained are: the division of the fixed nominal money stock
among enterprises and individuals, the price level, which permits the real money stock to be whatever

is desired, the rate of interest, and the volume of bonds issued and held by different individuals.

Equation (20) takes us one step in the direction of separating out the terms on the left-hand side
of (11)-when prices are constant we can evaluate MPM as equal to rB. But we still cannot separate

out IRD(0) from the non-pecuniary services of bonds, and hence cannot determine separately the
non-pecuniary services of money. Let us see what happens when we reintroduce changes in the

quantity of money.

B. Quantity of Money Changes at a Steady Rate

Let us now substitute for M = M0 a steady exponential rate of change: , where µM(t) = M0elt

can be positive or negative.

In the final position of stationary state equilibrium, by reasoning precisely the same as we used

before we introduced bonds,

(21)1
P

dP
df = ( 1

P
dP
dt) )& = l

Equation (20) must now be changed to include the effect of changing prices. Consider first for

both enterprises and individuals the alternatives of issuing a fraction of a bond to hold an extra dollar of

cash, or acquiring a fraction of a bond with $1 of cash. In this case, the effect of   cancels out. Ifl ! 0
prices are rising, the asset depreciates in value but so does the liability. Hence it must still be true that

(22)MPM = MNPSM − MNPSB = rB

This is the condition for portfolio balance, i.e., stock equilibrium.
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However, for the individual, the acquisition of money or bonds by saving now involves a different

set of costs or returns. Let him save an additional dollar to acquire a dollar of cash balances or a

dollar's worth of the bond. The anticipated gain to him from the extra dollar of cash balance is

MNPS M − ( 1
p

dP
dt )&

and from the extra dollar of bond

MNPS B + rB − ( 1
P

dP
dt )&

since

( 1
P

dP
dt )&

is the loss he experiences in the purchasing power of his cash or bond. In either case the cost is

IRD(0). So we have

(23)MNPSM − 1
P

dP
dt

&
= MNPSB + rB − 1

P
dP
dt

&
= IRD(0).

Subtract

MNPSB − 1
P

dP
dt

&

from all terms and we have, with the order rearranged,

(24)MNPS M − MNPSB = IRD (0) − MNPS B + ( 1
P

dP
dt )& = rB

This is the condition for zero savings, i.e., for flow equilibrium.

Combining (22) and (24), the conditions for full equilibrium are

 (25)MPM = MNPS M − MNPS B = IRD (0) − MNPSB + ( 1
P

dP
dt )& = rB

which reduces to (20) when

( 1
P

dP
dt )& = 0

Suppose now that we start with a position in which (20) is satisfied for  and introduce al = 0
positive . How will this affect the final equilibrium, i.e., whenl

( 1
P

dP
dt )& = l ?

To begin with, at the same rB, equations (22) remain satisfied, i.e., there is no effect on portfolio

balance. However, equations (24) are now out of equilibrium: the middle expression is now higher than
the others: the cost of acquiring either bonds or money by saving now exceeds the gain therefrom.

Hence, there will be attempted dissaving, an attempted reduction in the volume of real cash balances,

an attempted reduction in the amount of bonds held, and an attempted increase in the amount of bonds
issued. As before, these attempts cannot succeed, but they will produce a higher price level (over and

above the rise from the increasing quantity of money), which lowers the real quantity of money to be
held, and also a higher rate of interest, which lessens the desire both to reduce bond holdings and to
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issue more bonds. It is not clear what will happen to the aggregate value of bonds outstanding. The

higher rate of interest will have lowered the value of the bonds initially outstanding, but will have offset

both the initial desire to reduce the amount of bonds held and the initial desire to issue more bonds. It is
clear that bonds decline less in attractiveness than cash because of the rise in interest rates. Total

wealth held in the final equilibrium position must decline, since this is, after consolidating accounts,
equal simply to real cash balances. However, the volume of bonds outstanding will tend to be larger

relative to the amount of cash balances, and conceivably could be larger in absolute real amount.

As in our simpler example, there is clearly a welfare loss from inflation: with rB higher, MPM is
higher because a smaller real volume of cash is being held for productive purposes. Thus there is a

lower real flow of consumer services and total wealth is lower, so the community has lost some
non-pecuniary services from wealth.

Let µ be negative and the reverse effects follow: the price level will fall (beyond that required by
the change in the quantity of money) and rB will also fall. For small rates of price decline there will
clearly be a welfare gain. So long as rB > 0, so is MPM, and additional business cash balances will add

to the flow of consumer services. Similarly, so long as rB > 0, so is MNPSM, hence the additional
wealth adds to the welfare of ultimate wealth-holders. Let us now try higher and higher rates of price

decline until we reach a rate at which, in equilibrium, rB = 0.

At this equilibrium, we know from equation (22) that

(26)MPNSM − MNPSB = 0

How can that be? From equations (14), only if  . But, this means that, fromMNPSM = MNPSB = 0
equations (25),

(27)IRD (0) + ( dP
dt )& = 0

or

(28)IRD(0) = −l

We finally have a market measure of the internal rate of discount-that rate of steady price decline
that makes the nominal interest rate equal to zero. Moreover, this situation is clearly an optimum:

further increases in the rate of price decline would induce wealth-holders to hold so large a stock of

wealth that it would yield negative marginal non-pecuniary returns, and so lower welfare.

The forces contributing to the attainment of this equilibrium position are the three that were

described above as tending toward long-run stationary equilibrium when the quantity of money was
held constant. However, the second of those three -- the changing values of non-pecuniary services --

can no longer by itself be sufficient, since the present solution specifies that these are zero at

equilibrium. Hence, differences among individuals in the values they attach to non-pecuniary services
cannot compensate for other differences among them. The equilibrium will have to be achieved by an

elimination of any initial differences in IRD(0), either through changes in the distribution of wealth
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which concentrate all wealth and consumption in the hands of that set of individuals with the lowest

single value of IRD(0), or by changes in IRD(0) for each individual brought about by alterations in the

wealth-income ratio.

Our final rule for the optimum quantity of money is that it will be attained by a rate of price

deflation that makes the nominal rate of interest equal to zero. The yield on cash balances from
their appreciation in value will then just balance, for each individual, the cost of abstaining from

consumption and, for each enterprise that borrows to hold cash balances, the cost imposed by a rising

real value of debt. Hence each individual and each enterprise will be induced to hold that volume of
cash balances which yields zero marginal yield, in utility to the one and in productive services to the

other. Since it costs all together no physical resources to add to real cash balances, returns to all
together just balance costs.

X. INTRODUCTION OF REPRODUCIBLE CAPITAL

We can now readily relax some of our other initial conditions, in particular conditions (7) and
(8)-infinitely durable, non-reproducible, non-marketable  capital goods.

Let capital goods be of varying durabilities, reproducible, and marketable. Perhaps the simplest
way to introduce such capital goods, with minimum alteration in the framework of the analysis, is to

assume that only business enterprises hold these capital goods, and that they finance them by issuing

equities held by ultimate wealth-holders. Let the typical equity be, like our bond, a perpetuity, but one
that offers to pay one real dollar rather than one nominal dollar per year, i.e., in dollars of year 0, one

that promises to pay  dollars per year, where P(t) is the price index of final consumer services inP(t)
P(0)

year t.

Let PE(t) be the price of such an equity in year (t), then

(29)rE(t) =
P(t)
P(0)

PE (t)

will be the yield per dollar of equity in year t, if PE is constant. The transition to a final stationary

equilibrium is complicated, even more so than that dealt with briefly for borrowing and lending. But the
conditions for final equilibrium are straightforward. For productive enterprises, the cost of producing a

unit of capital capable of yielding one real dollar a year in productive services must be equal to the
price for which such an equity can be sold. Or, equivalently

(30)MRY = rE

where MRY is marginal real yield in cents per dollar per year. In nominal terms, if prices are
changing, the rate of rise in prices must be added to both sides. If the enterprise is to be indifferent

between borrowing by bonds and by equities,

(31)rB −( 1
P

dP
dt )& = rE
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since the real cost of borrowing a real dollar through a bond is reduced, when prices are rising, by the

decline in the real value of the obligation incurred. 

For the wealth-holder, the analysis is complicated by the existence of non-pecuniary returns from
bonds and equities. Let MNPSE be the marginal non-pecuniary services per unit time derived from a

dollar of equities. For the wealth-holder to be in equilibrium with respect to the holding of bonds and
equities, it must be that

rB − ( 1
P

dP
dt )& + MNPS B = rE + MNPSE

However, (31) and (32) can be valid simultaneously only if

(33)MNPSB = MNPSE

Hence, the individual will always hold a portfolio for which this is true. We can therefore use
MNPSB to refer to both kinds of securities. Adding these equations to those in (25), our final conditions

of equilibrium are

(33)

MRY + ( 1
P

dP
dt )& = MPM = MNPSM − MNPSB

= IRD(0) − MNPSB + ( 1
P

dP
dt )&

= rE + ( 1
P

dP
dt )& = rB

The optimum position will be the same as before, when  is a sufficiently large negative( 1
P

dP
dt )&

number so that rB = 0. At that point,

(34)
MRY = IRD(0) = rE = −( 1

P
dP
dt )&

MPM = MNPSM = MNPSB = rB = 0

The reason that this is an optimum is that, while external effects offset the cost to an individual or

to an enterprise of holding an extra dollar of cash balances, they do not offset the cost of adding a real
dollar's worth of physical productive capital. It uses up a dollar's worth of productive resources to

produce a dollar's worth of physical productive capital, so someone or other must consume one dollar's
worth less in order to make those real resources available.

This is reflected in the first line of equations (34). At the optimum, all these terms are positive.

MRY is the permanent income stream gained by adding a real dollar's worth of productive capital.
IRD (0) is the real cost to an individual of abstaining from a dollar's worth of consumption, expressed

also as the permanent income stream that he would regard as compensating him for that abstention. rE

is a market cost mediating between the other two terms. It is the real cost, as it appears to the

enterprise, of acquiring the capital from the market via equities to finance the production of the extra

real dollar of productive capital, and it is the real gain as it appears to the wealth-holder of providing
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the capital. The final term in the first line, , is also a market cost mediating between the other−( 1
P

dP
dt )&

two terms. It is the real cost to the enterprise of financing the additional capital by holding a dollar less

of cash balances or by borrowing in the form of bonds (given that rB= 0); it is the real gain as it
appears to the wealth-holder of providing the capital by purchasing bonds rather than equity (given that

rB= 0). The final two terms can also be regarded as assuring portfolio balance for the individual, since

rE is the return from equities, and  is the return from either bonds or cash balances (given the−( 1
P

dP
dt )&

equalities in the second line).

Thus the first line assures the optimization of the quantity of physical productive capital, given the
tastes of individuals as expressed in their internal rates of discount, and, in conjunction with the second

line, assures equilibrium between holdings of nominal and real assets.

The second line, in turn, assures the optimization of the real quantity of nominal assets, given that

the real marginal cost of providing an additional real quantity of nominal assets is zero. The first three

terms represent the yield to business enterprises and wealth-holders of holding an additional real dollar
in cash (the first two terms) or bonds (the third term). The last two terms represent the net cost of

acquiring a real dollar to hold in these forms. For a business, the real cost of acquiring a real dollar by

issuing bonds is rB plus the rising real value of its obligation  , but this additional cost is(− 1
P

dP
dt )&

precisely offset by the rising real value of the cash balances acquired. For individuals, the gain from

acquiring bonds is rB plus the rising real value of the assets, but this additional return is precisely offset
by the real cost of abstention from consumption.

To express the final result in more general terms, it is technically feasible to produce certain
services rendered by capital assets at zero real cost-namely, the transactions services of cash and the

feelings of security, pride of possession, and the like from owning wealth. Other services rendered by

capital assets cannot be produced at zero real cost-namely, the productive services of physical assets.
It is desirable in each case that the services be provided up to the point where their marginal return

equals their properly calculated marginal cost. In a world of stable prices, the cost to the individual of
the first category of services appears to be greater than it actually is, if all costs and all returns are

accounted for. By having prices decline at the appropriate rate, it is possible to provide the individual

with a return that appears greater to him than it actually is if all costs and returns are accounted for.
The apparent return just offsets the apparent cost and leads him to behave precisely as he would if, in

the first instance, he bore all the costs and received all the returns.

XI. OTHER INITIAL CONDITIONS

We have now relaxed in effect all the special conditions added to the usual stationary state

specification, except (11) -- that prices are free to change - and (12) - that all money consists of strict
fiat money.
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Condition (11) is not intended to be restrictive, since we admitted the possibility of institutional

frictions. About all it rules out is widespread governmental price control.

Condition (12) has in effect been relaxed already by introducing bonds and equities. Money in the
form of demand deposits adds no special complexity. Provided banks assess service charges to cover

the cost of services rendered, they would be willing to pay interest on demand deposits at some rate
less than rB, when rB is positive, the difference depending on their average non-interest bearing

reserves. As the rate of price decline increased, this difference would disappear and the rate they paid

would approach rB; both would approach zero as the rate of price decline approached the optimum
rate. As already noted, the use of commodity money changes the situation drastically.

We can relax the usual stationary state restrictions without altering the basic conclusion.
Substitution of individuals with finite lives for immortal individuals gives a possible reason to expect a

positive internal rate of discount. Growth in population, capital, and technology means we must

consider a moving dynamic equilibrium instead of a stationary one. It, too, gives a reason for a positive
internal rate of discount. But it remains true throughout that it is costless to provide individuals with the

satiety volume of real cash balances. And it remains true that one way to achieve this result is to have
prices decline at a rate that will make the equivalent of rB equal to zero. of course, in such a world, the

term "prices" has no unique meaning. Different classes of prices may well behave differently, so that

the optimum numerical rate of price decline will depend on the index number chosen to measure
prices. This optimum rate need not be constant over time. But none of these complications raises any

essential difficulty in principle. The relevant price index is whatever index buyers and sellers of
securities use in comparing yields on bonds and equities. A monetary policy that kept the equivalent of

rB equal to zero would automatically produce the optimum rate of decline in the relevant price index.

A more serious problem is the existence of many different securities and interest rates, so that it
is not obvious what the "equivalent of rB" is.

One qualification required for the actual world is that it is not literally costless to provide additional
real balances. There are transfer costs of raising taxes in a stationary society to reduce the quantity of

money in order to produce a steady rate of decline in prices. There is an initial real capital cost of

providing the money in the form of notes and coins or deposit accounts. There are operating costs in
replacing worn out notes and keeping deposit accounts. The existence of these costs means that the

optimum is not rB = 0, but rB positive and above zero by enough to match the marginal costs of keeping
real balances higher by one real dollar.

Hence, while our key conclusion can be derived for a highly simplified world, it remains valid for

the actual world with only slight modification. But it is valid, it should be emphasized, as a proposition
about the long-run optimum. I shall return to this point later.

XII. ALTERNATIVE WAY TO ACHIEVE THE OPTIMUM

Instead of having prices decline, an alternative way to offset the apparent cost to the individual of

holding additional cash balances is to pay interest on money. Instead of burning up the proceeds of
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taxes to produce a decline in the quantity of money, as assumed so far, these proceeds could be used

to pay interest to individuals on their cash balances and the nominal quantity of money kept constant.

Indeed, the declining prices of our earlier solution can be viewed as about the only administratively
feasible way of paying interest on currency.

An alternative would be to permit free entry into banking, and to allow banks to issue both
currency and deposits and to pay interest on both. In order to set a limit on the total nominal quantity of

money, let there be a fiat issue bearing no interest that the banks are required to hold as reserves, the

reserve requirement being the same for currency and deposits. The level of the reserve requirement
would be set with the aim of making the net cost of holding cash balances (the excess of rB over rM,

the rate paid by banks on money) equal to the real costs of managing and administering the system.

If the quantity of the fiat currency remained fixed. under stationary state conditions, the

equilibrium price level would be constant. Competition among banks would force them to pay interest

on deposits at a rate falling short of rB by the costs of running the banks, including loss of interest on
assets required to be held as non-interest bearing fiat money. Competition would force banks also to

pay interest on currency at a rate below the rate paid on deposits by the extra costs of administering
the payment of interest on currency. They would, of course, have an incentive to devise an economical

way to pay such interest.

For a progressive society, the equilibrium price level of products would decline. So long as the
price decline did not go beyond the optimum rate, everything would be essentially the same. But if the

society were growing rapidly, the price decline might go too far. To avoid that result, secular growth
could be introduced into the nominal amount of the fiat money available for use as reserves.

This may all seem highly fanciful, yet it corresponds to many tendencies currently at work in the

financial community. The development of commercial banks has been spurred mostly, of course, by
their role in facilitating transactions and improving the capital market by mediating between borrower

and lender. But the need to have such banks commit themselves to redeem their liabilities in either a
basic commodity money (such as gold) or fiat currency arises from 'the absence of any physical limit

on the volume of something that can be produced at zero cost. Their growth has also been stimulated

by the gap between the return on cash balances and the cost of producing them. This gap has played
an even larger role in the attempts by banks to issue currency, to reduce prudential reserves, and to

pay interest on deposits. These attempts have produced welfare gains to the community by the
payment of interest on at least some cash balances. They have also produced losses to the community

because of other phenomena that have accompanied fractional reserve banking, notably instability in

the total quantity of money.

XIII. THE SIZE OF THE POSSIBLE WELFARE GAIN

It may give some perspective to the analysis, and summarize some parts of it, to make some
rough estimates of the gain in welfare in the US. that could currently (1968) be achieved by a policy

leading to the optimum quantity of money.
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To make such estimates we need to specify (1) "the" current internal rate of discount of a

"representative" individual, and the rate of discount that would prevail with the optimum quantity of

money; the anticipated rate of change of prices; (3) the monetary total that is to be regarded as the
counterpart of the money of our analysis; and (4) the difference between the optimum and the current

quantity of that monetary total.

A. Internal Rate of Return

If there were some asset which was known to yield zero net non-pecuniary services to all

holders, the nominal pecuniary yield on such an asset, less the anticipated rate of price change, would,
by equation (23) generalized by replacing IRD(0) by IRD(si), provide an estimate of the internal rate

of discount. However, a key point of our analysis is that, so long as , there need be no suchrB ! 0
asset. Every form of holding wealth may yield non-pecuniary returns in the form of security, pride of

possession, and so on, as long as there is no way that is costless at the margin of acquiring and holding

additional wealth. Of course, some particular way of holding wealth may have negative features that
just counterbalances such returns. So there may exist some asset that yields zero net non-pecuniary

returns. But even if there is such an asset, there is no way of identifying it by market prices or yields.
These permit at most measurement of the differences between the services yielded by different

assets.

For example, equities have yielded on the average, over long periods, something like 9 or 10 per
cent per year; high-grade bonds, something like 3 to 5 per cent during periods when prices were

roughly stable. Are these yields to be interpreted as reflecting non-pecuniary services of zero from
equities and of between 4 and 7 per cent per year from bonds? Or non-pecuniary services of zero

from bonds and non-pecuniary costs (disservices) from equities of between 4 and 7 per cent per year?

There is no way on this evidence to choose between these interpretations, or any others involving the
same differential between non-pecuniary services rendered.

To take another example, many persons apparently simultaneously have funds in saving accounts
bearing interest at rates of from 3 to 5 per cent per year and purchase goods on installment contracts

involving interest rates up to and beyond 35 per cent per year. Are we to interpret this as meaning that

the internal rate of discount is 35 per cent per year and that savings accounts yield non-pecuniary
services valued at about 30 per cent per year? Or that the internal rate of discount is 5 per cent per

year and 30 of the 35 per cent paid as interest on the installment contract is counterbalanced by
non-pecuniary services from being in debt (e.g., being forced to save)? Along this line, there is again

no way of extracting a satisfactory answer.

In another context, I have used a wholly different approach to estimate the internal rate of
discount, namely, attempting to explain consumption behavior. That approach yields an estimate of an

internal rate of discount of about 1/3.

This rate would be consistent with the first of the two interpretations of the preceding paragraph.
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Let us take this rate of .33 as something of an upper estimate of the internal rate of discount. For

a lower estimate, let us take .05, which assumes that high-grade government or corporate bonds, or

savings accounts, yield trivial net non-pecuniary returns.

These are estimates of current internal rates of discount. We also need estimates of the internal

rate of discount when there is an optimum quantity of money. Since a policy producing the optimum
quantity of money would raise the wealth-income ratio, it would bring actual wealth closer to desired

wealth. This could be expected to lower the desired savings ratio, which would, as we argued earlier,

unambiguously tends to mean a lower internal rate of discount (see Sections VIII and IX A above).
The higher wealth-income ratio might produce an offsetting rise in the internal rate of discount, but this

is uncertain (section IX A).

As a rough way of allowing for possible changes in internal rates of discount, let us assume that

the lower limit, S per cent, is unchanged, since that requires only a small change in the wealth-income

ratio to reach the optimum quantity of money, but that the upper limit, .33, is cut in half to .17.

B. Anticipated Rate of Change of Prices

We need an estimate of the anticipated rate of change of prices to add to the estimated initial
internal rate of discount if we are to find the initial marginal non-pecuniary services of money

[equation (23) generalized to non-zero saving ratios]. We need it also to get the initial cost of holding

money balances.

Prices are currently rising at the rate of about 4 per cent per year. However, we know that it

takes a long time for people fully to adjust their anticipations to experience. Hence an estimate of 

 of about 2 per cent per year seems reasonable.( 1
P

dP
dt )&

C. Monetary Total

The direct counterpart to the money of our analysis is "high-powered" money--total currency,
both in the hands of the public and in the vaults of banks, plus deposits at Federal Reserve Banks other

than those of the US Treasury. This total is non-interest-bearing and, in effect, currently all fiat,
although some of it originated as warehouse receipts for gold and silver.

High-powered money was about six weeks' personal disposable income in early 1968.We may

take this as a minimum estimate of the quantity of "money". If the legal prohibition of interest
payments on demand deposits were fully effective, with the costs of all transactions services rendered

by banks being covered by explicit service charges, then demand deposits also would be
non-interest-bearing assets of individuals and enterprises capable of being expanded with little real

cost. However, this is a big if There is abundant evidence that competition forces banks to find indirect

ways to pay interest on deposits and that they have been successful in doing so.  As an arbitrary
compromise, let us treat half of demand deposits as the maximum fraction that is equivalent to

non-interest-bearing money. This gives a maximum estimate of the quantity of "money" of about ten
weeks' personal disposable income.
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D. The Optimum Quantity of Money

The optimum quantity of money depends on the shape of the demand curve for real balances

(Figure 6) and the change in the cost of holding money balances required to attain the optimum
quantity.

Demand studies all show that the quantity of money demanded is rather inelastic with respect to
changes in the rate of interest. These may underestimate the elasticity relevant for our purposes, since

they are for monetary totals part of which pay interest (demand deposits or time deposits), so that a

change in market interest rates is partly offset by a change in the rate of interest paid on money. To
allow for this, let us take a cost elasticity rather on the high side, of about -.5 when the interest rate is

about S per cent. This would mean that a one percentage point change in the interest rate (or, by
transference, in the rate of change of prices) would change real balances in the opposite direction by

10 per cent.

At an internal rate of discount of 5 per cent, the optimum quantity of money would be attained
with a rate of price decline of 5 per cent per year, or, given the assumption that prices are currently

anticipated to rise at 2 per cent per year, with a 7 percentage point decline in the cost of holding
non-nterest-bearing balances. Given the assumption of the preceding paragraph, this implies that

money balances would a bit more than double .

At an ultimate internal discount rate of 17 per cent, the optimum quantity of money would be
attained with a rate of price decline of 17 per cent per year, or a shift of 19 percentage points in the

cost of holding non-interest-bearing balances. This implies that money balances would rise to over
six-and-a-half times their initial level.

E. Combining the Items

The table [below], which combines the various assumptions into estimates of the potential welfare
gain, is mostly self-explanatory. Our assumptions give us four cases: the two alternative sets of

internal rates of discount, and the two alternative concepts of money. Lines A to F summarize our
assumptions. The calculation in line G assumes (a) that the initial marginal non-pecuniary return on

money is equal to the internal rate of discount plus the anticipated rate of change in prices, (both at the

terminal marginal non-pecuniary return is zero, and, most important, (c) that we can approximate the
average non-pecuniary returns by the average of the initial and terminal values. Line H converts the

potential gains from number of weeks' personal disposable income to billions of early 1968 dollars.
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The results are clearly extremely sensitive to the assumption about the internal rate of discount. If
the internal rate is as low as 5 per cent, then the potential gain, while not negligible, is minor -- $2

billion to $4 billion a year--the equivalent, at this discount rate, of, say, the discovery of hitherto
unknown mineral resources with a capital value of $46 to $76 billion, or an addition to national wealth

of about one year's net private capital formation. On the other hand, if the internal rate of discount is

as high as 33 percent, then even though it is cut in half in the process, the potential gain is from $60 to
$100 billion per year, equivalent, even at these high discount rates, to capital windfalls of $200 to $600

billion.

Further evidence on the appropriate internal rate of discount is clearly essential to determine

whether the potential gains are modest or mammoth.

XlV. SOME PRACTICAL CONSIDERATIONS AND CONCLUSIONS FOR POLICY

The desirable behavior of the price level has attracted the attention of economists for decades.

The early literature stressed equity between debtor and creditor and frictions in adjusting to changing
prices. Almost all writers favored stable prices, but some favored stable prices of final products, which

meant rising prices of factor services (especially wages) in a progressive economy. Others favored

stable prices of factor services, which meant declining prices of final products in a progressive
economy. The first group tended to stress frictions, the second equity.

More recent literature has emphasized supposed "trade-offs" between inflation and the level of
employment or growth. A considerable part of that literature compares the welfare costs of inflation
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and of unemployment, and seeks the point of optimum trade-off. Some writers have favored a policy

of mild inflation, in the belief that this would give a higher average level of employment.

This paper has had little or no overlap with the earlier literature, but it yields, as that literature
does not, a specific and potentially objective criterion for an optimum behavior of the price level.

Why this difference? The main reason is that the earlier discussion was almost entirely about
unanticipated inflations or deflations, while this paper is mostly about anticipated inflations or

deflations. Anticipated inflations or deflations produce no transfers from debtors to creditors which

raise questions of equity; the interest rate on claims valued in nominal terms adjusts to allow for the
anticipated rate of inflation. Anticipated inflations or deflations need involve no frictions in adjusting to

changing prices. Every individual can take the anticipated change in the price level into account in
setting prices for future trades. Finally, anticipated inflations or deflations involve no trade-offs

between infla tion and employment. Hence these considerations do not enter the analysis.

Before the analysis can serve as a guide to practical policy, however, these considerations must
be taken into account. We now operate in a world in which it is generally anticipated that prices of

final products will, if anything, rise and that prices of factor services will certainly rise, and in which
interest rates incorporate these expectations. Transition to a new policy would take time. Many prices

are slow to adjust. Any decided change in the trend of prices would involve significant frictional

distortion in employment and production.

One practical consideration, which I have so far neglected completely, but which is given

considerable emphasis in the earlier literature, is the literal transactions cost involved in adjusting to a
changing price level. The marking up or down of all prices, whether through explicit escalator clauses

or otherwise involves real costs. To some extent, these costs cannot be avoided in a progressive

society in which product prices and factor prices have different trends. But the costs can be more or
less.

Another extremely important practical consideration is that the optimum rate of price decline will
change from time to time. It will be more difficult to judge from objective evidence when the actual

rate of price decline exceeds the optimum than when it falls short of it. The reason for the asymmetry

is the phenomenon underlying the Keynesian liquidity trap.

These practical considerations, I believe, make it unwise to recommend as a policy objective a

policy of deflation of final-product prices sufficient to yield a full optimum in the sense of this paper.
The rough estimates of the preceding section indicate that that would require for the Us. a decline in

prices at the rate of at least 5 per cent per year, and perhaps decidedly more. The rapid transition to

such a state, in a world in which there is a positive internal rate of discount, would, I conjecture, be
inordinately costly; and once there, the chance of occasionally or often overshooting would be serious.

A policy fairly close to the optimum would probably be to hold the absolute quantity of money
constant-a policy that has recommended itself on other grounds to many writers on monetary policy,

notably Henry Simons. Given a growth in output at the rate of about 3 to 4 per cent a year, that policy
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would produce a decline in prices of about 4 to 5 per cent a year, if the real demand for money

continues to rise with real income as it has on the average of the past century. According to some of

the most widely used growth models, this policy would correspond to a full optimum in the capital-labor
ratio as well as in the quantity of money.

However, this policy, too, seems to me too drastic to be desirable in the near future although it
might very well serve as a long-term objective. A more limited policy objective might be to stabilize the

price of factor services. If the real demand for cash balances had a unitary income elasticity, this

would require for the Us. a rise in the quantity of money of about I per cent per year, to match the
growth in population and labor force. If the elasticity exceeds unity as much as it has during the past

century, this would require a rise in the quantity of money at the rate of about 2 per cent per year.

This compromise is especially appealing because the major costs of price change and the major

price rigidities are for factor services. The decline in the price of products relative to factor services

reflects largely technological change which alters the form and character of products and so requires
changes in individual prices, whatever may be happening to the price level as a whole.

While there would be some transitional problems in moving to such a policy, they would not, I
believe, be serious, though that judgment will require change if the recent trends of US. policy continue

much longer. From 1956 to 1966 as a whole, for example, we were probably reasonably close to a

stable final product price on the average, if allowance is made for the bias in the consumer price index
because of inadequate inclusion of quality changes. To go from such a policy to a decline in final

product prices at the rate of about 2 per cent per year would not seem to involve major frictional costs.
However, we seem headed for an upward price trend in final products at a rate of 3 per cent to 5 per

cent a year in the relatively near future. To go from such a trend to the suggested declining price level

would involve far more serious transitional costs.

Finally, the analysis has implications for aspects of financial policy other than the rate of growth in

the quantity of money. The analysis in this paper strongly argues against the present prohibition on the
payment of interest by commercial banks on demand deposits and in favor of payment of interest by

the Federal Reserve System on bank reserves held in the form of deposits at Federal Reserve

Banks--measures that I have long favored for the reasons advanced in this paper. If feasible, it would
be desirable to extend the payment of interest to vault cash held by commercial banks. These

measures, by enabling holders of money to receive interest on the greater part of their holdings, would
go far to remove the discrepancy between the apparent cost to the individual of holding money

balances and the real cost to all together of doing so.

The analysis supports also the desirability of minimizing restriction of entry into banking. Free
entry would promote competition and thereby bring the interest paid on deposits closer to the nominal

yield on physical capital.
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XV. A FINAL SCHIZOPHRENIC NOTE

The reader who knows something about my earlier work will recognize that the policy with

respect to the quantity of money outlined in the preceding section is different from the policy I have
long advocated. I have favored increasing the quantity of money at a steady rate designed to keep

final product prices constant, a rate that I have estimated to be something like 4 to 5 per cent per year
for the US for a monetary total defined to include currency outside of banks and all deposits of

commercial banks, demand and time.

I do not want to gloss over the real contradiction between these two policies, between what for
simplicity I shall call the 5 per cent and the 2 per cent rules, There are two reasons for this

contradiction. One is that the 5 per cent rule was constructed with an eye primarily to short-run
considerations, whereas the 2 per cent rule puts more emphasis on long-run considerations. The more

basic reason is that I had not worked out in full the analysis presented in this paper when I came out

for the 5 per cent rule. I simply took it for granted, in line with a long tradition and a near-consensus in
the profession, that a stable level of prices of final products was a desirable policy objective. Had I

been fully aware then of the analysis of this paper, I suspect that I would have come out for the 2 per
cent rule.

One extenuating circumstance is that, in presenting the 5 per cent rule, I have always emphasized

that a steady and known rate of increase in the quantity of money is more important than the precise
numerical value of the rate of increase. The work I have done since, both theoretical and empirical,

has reinforced that belief. Either a 5 per cent rule or a 2 per cent rule would be far superior to the
monetary policy we have actually followed. The gain from shifting to the 5 per cent rule would, I

believe, dwarf the further gain from going to the 2 per cent rule, even though that gain may well be

substantial enough to be worth pursuing. Hence I shall continue to support the 5 per cent rule as an
intermediate objective greatly superior to present practice.

APPENDIX

A MODEL OF TIME PREFERENCE

For the model that follows, we treat the individual as simultaneously supplier of resource services,

organizer of production, consumer, and ultimate wealth-holder. That is, there are no enterprises, and no
financial assets such as bonds or equities, though there is money.

We shall consider an individual as owning four kinds of capital assets:

1. Physical productive capital

2. Human productive capital

3. Physical consumption capital

4. Human consumption capital
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The first three are self-explanatory. Only the fourth requires further elaboration. Just as an

individual can invest in his capacity to produce goods and services (i.e., in human productive capital),

so he can invest in his capacity to derive utility. For example, that is what he does when he takes piano
lessons, or lessons in musical appreciation: he is building up his future capacity to derive utility.

The idea of the present model is to generalize this notion. Thus I shall assume that the individual's
flow of utility at any time depends solely on the stocks at that time of items (3) and (4). What is

ordinarily regarded as consumption, we shall regard as either maintenance of human consumption

capital or addition to such capital. For example, expenditure on going to the movie is regarded as
expenditure for the maintenance or building up of capital in the form of a stock of memories of movies

seen. The stock may depreciate very rapidly, in which case, for example, for some individuals, it may
require going to one movie a week to keep the stock constant, but the utility derived from the stock is

regarded as not concentrated at the moment of paying for the movie ticket, or even during the time of

seeing the movie, but as derived at a steady rate so long as the stock is maintained.

This way of looking at the matter has by now become conventional with item (3/, physical

consumption capital. We do not regard utility as derived from the purchase of an automobile but from
the flow of services from the stock owned.

Extending this notion to the consumption of what we usually regard as services (e.g., viewing a

movie) seems not only "natural" on a theoretical level, but also has intuitive appeal. The "travel now,
pay later" ads do correspond to a real human condition: the vacation we take now will yield its returns

later. Indeed, it may yield disutilities when taken, suffered for the utility derived later from reviewing
memories, viewing slides, and boring friends. The child's music lesson is a clear case in point.

On this view, the individual gets an income from items (I) and (2), all of which is used either to

maintain the four stocks or to increase them.

There exist production functions describing the transformation possibilities:

between (a) the stock of productive capital and (b) the stocks of (1), (2), (3). and (4) that can be
maintained and the rates at which they can be increased. Let C1, C2, C3, C4 stand for the stock of

capital of each kind. Then there exists some transformation function of the form:

C1, C2, C3,C 4, 1
C1

$ dC1
dt , 1

C2
$ dC2

dt , 1
C3

$ dC3
dt , 1

C4
$ dC4

dt , = 0

There exists a utility function describing the current utility yield from C3 and C4:

U(t) = U[C3(t), C4(t)]

and also some function relating future utilities to present.

Let there be no time preference among utilities, i.e., the individual seeks to maximize  ¶
T

U(t) $ dt
This is the usual assumption about "rationality" discussed above.
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When I initially elaborated this model, I thought it gave a reason for observed time preference

even when C1, C2, C3, and C4 were stationary, with physical capital having a positive yield. Kenneth

Arrow pointed out my mistake and persuaded me that the model only gives a reason for time
preference, so long as capital is productive, along a growth path.

It may help to bring out the implications of the model if I give my initial interpretation and then
Arrow's rectification of it.

Consider, I said, stocks of C1, C2, C3, and C4 such that the yield from C1 and C2 is just sufficient

to enable the consumer to maintain C3 and C4 constant. At this point, suppose that he contemplates
cutting down "consumption" to add, say, to C1. Then, I said, the increased yield from C1 will enable him

to have higher consumption later, but to get it he must cut down on either C3 or C4, which will involve
lower consumption later. For example, perhaps he gives up a music lesson worth a dollar which will

enable him to increase his productive capital so that it yields him an extra income of 5 cents a year

indefinitely. If, however, giving up the music lesson reduces his future utility by an amount he values at
5 cents a year indefinitely, he has gained nothing. He has only changed the form of consumption. Thus,

I argued, there is a reason for what appears to be time preference even though the individual does not
discount future utilities. It is a requirement for balance of different capital stocks.

If the individual is in the position described, and if reductions in C3 and C4 are ruled out, the

argument just made is entirely valid. But, as Arrow pointed out, these are big ifs. So long as (a) C1 and
C2 are productive in the sense that increments yield more than enough to maintain the increments, (b)

C3 and C4 can be added to, and (c) they are not at satiety levels, the "rational" individual will never be
in the position described or if, by mistake, he were, he would move away from it by reducing C3 and

C4.

By assumption, if he stays at the position described he cannot increase C3 and C4. But if he
reduces them, he can add to C1 and C2, which will enable him later to achieve and then surpass the

initial C3 and C4. He will therefore only temporarily reduce his stock of consumption capital. Since he
does not discount utilities, it will pay him to run down his stock of consumption capital for the future

gain.

In short, in this model as in the more usual one, there can be equilibrium only with a balanced
growth path in which apparent time preference, imposed by the rising level of consumption, sets a limit

to the rate of growth.
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Neoclassicism

Neoclassical economics originated with Walras, Jevons and Menger in the 1870s. It was the

dominant mode of analysis before Keynes, and rose to prominence again in the 1970s, until today it is

synonymous with economics. The major difference between neoclassical economics prior to Keynes

and that afterward is that neoclassical economists post-Keynes are of necessity concerned with

macroeconomic  issues. Their approach to macroeconomics, however, is firmly rooted in  neoclassical

microeconomic theory.

The most complete statement of the neoclassical vision of the entire economy as the sum of its

microeconomic parts was given by Debreu. The excerpt in this section should indicate to you that, in

this form, the theory cannot be used to derive policy guidance. The most important neoclassical

innovation from a policy point of view has been the “rational expectations” approach. This section

reproduces the initial paper in this school by Muth, and the most influential poilicy paper by Sargent

and Wallace.
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Gerard Debreu

Theory of Value

CHAPTER 7: UNCERTAINTY

7.1. INTRODUCTION

The analysis is extended in this chapter to the case where uncertain events determine the

consumption sets, the production sets, and the resources of the economy. A contract for the transfer

of a commodity now specifies, in addition to its physical properties, its location and its date, an event on

the occurrence of which the transfer is conditional. This new definition of a commodity allows one to

obtain a theory of uncertainty free from any probability concept and formally identical with the theory

of certainty developed in the preceding chapters.

7.2. EVENTS

An economy whose activity extends over T elementary time-intervals, or dates, will be studied. It

is assumed that the uncertainty of the environment during that period originates in the choice that

Nature makes among a finite number of alternatives. These alternatives will be called events at T and

indicated by an index eT running from 1T to kT. Once eT is given, atmospheric conditions, natural

disasters, technical possibilities,  are determined for the entire period.¢

      Figure 1

At the beginning of date t, the agents of the economy have some information about the event at T

which will obtain. This information can be formally presented as follows. The set of events at T is

partitioned into non-empty subsets called events at t and indicated by an index et running from 1t to kt.

At the beginning of date t, every agent knows to what event at t the event at T which will obtain

belongs. At the beginning of date t+ 1, further information is available, i.e., the partition which defines

the events at t+1 is derived by partitioning the events at t. The events at  can bet = 1,¢, T

- 46 - Late Neoclassicism: Debreu

COPY MADE  ON BEHALF OF U.W.S, UNDER THE
PROVISIONS OF SECTION 53B ON JUNE 20TH 1997



conveniently represented by the vertices of a tree with the vertex 10 corresponding to the absence of

information prevailing initially. In fig. 1 such an event tree is drawn for the particular case where T=3.

7.3. COMMODITIES AND PRICES

Wheat with specified physical characteristics available at location s, at date t will play entirely

different economic roles according to the event at t which obtains (in particular, according to

precipitation during the growing season). One is thus led to define a commodity in this new context by

its physical characteristics, its location, and its event (or vertex of the event tree; this vertex defining

implicitly the date of the commodity). A contract for delivery of wheat between two agents takes, for

example, the form: the first agent shall deliver to the second agent, who shall accept delivery, five

thousand bushels of wheat of a specified type at location S, at event et. If et does not obtain, no

delivery takes place. It was remarked in Chapter 2 that the definition of a certain commodity might

require several dates (and several locations). Therefore the definition of an uncertain commodity may

require here several events (and several locations). Summing up, the concept of uncertain commodity

is derived from the concept of certain commodity by substituting the tree structure of events for the

line structure of dates and replacing everywhere "date" by "event."

It is assumed that there is only a finite number l of commodities; these are indicated by an index h

running from 1 to l. It is also assumed that the quantity of any one of them can be any real number.

Given a sign convention for the inputs and the outputs of an agent, a complete plan of action, or more

briefly an action, for him is represented by a point a of the commodity space Rl. The plan of action a

made initially for the whole future specifies for each good and service the quantity that he will make

available, or that will be made available to him, at each location, at each date, and at each event.

The price ph of the hth commodity is a real number interpreted as the amount paid (in the sense

of 2.1) initially by (resp. to) the agent who commits himself to accept (resp. to make) delivery of one

unit of that commodity. Payment is irrevocably made although delivery does not take place if specified

events do not obtain. An agent who buys a bushel of No.2 Red Winter Wheat available in Chicago at

date t in any event buys in fact as many commodities as there are events at t. The usual futures

"price" thus corresponds to a sum of prices of uncertain commodities. The price system is the l-tuple 

. The value of an action a relative to the price system p is the inner product  .p = (p1,¢,ph,¢,p1) p.a

7.4. PRODUCERS

An action yj of the jth producer is called a production (inputs are negative and outputs positive).

Let yj(eT) denote the vector of the components of yj associated with the unicursal path from the vertex

10 of the event tree to the vertex eT, and let Yj[eT] be the certain production set associated with the
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same path. The production yj is possible if and only if yj(eT) belongs to Yj[eT] for every event eT at

T. The set of productions yj possible for the jth producer is a subset of the commodity space Rl

denoted Yj and called the production set of the jth producer.

It is easy to interpret the assumptions of 3.3 on production sets in this new context, and to relate

them to the corresponding assumptions in the case of certainty. For example, if Yj[eT] is convex for

every event eT at T, then Yj is clearly convex.

Given a price system p and a production yj, the profit of the jth producer is p.yj Considering the

price system as a datum, the jth producer tries to maximize his profit in his production set. For this he

needs neither an appraisal (conscious or unconscious) of the likelihoods of the various events, nor an

attitude toward risk. His behavior amounts to maximizing the value of the stock outstanding of the jth

corporation. In other words, the jth corporation announces a production plan yj; as a result, its share

has a determined value on the stock market; it chooses its plan so as to maximize the value of its

share.

7.5. CONSUMERS

An action xi of the ith consumer is called a consumption (inputs are positive and outputs

negative). Exactly as for a producer, one defines the consumption set Xi of the ith consumer. It is

assumed that the set Xi is completely preordered by the preferences  of the ith consumer.
i

?precsim?

This preference preordering reflects the tastes of the consumer for goods and services (including, in

particular, their spatial and temporal specifications), his personal appraisal of the likelihoods of the

various events, and his attitude toward risk.

The assumptions of 4.3 on consumption sets, and of 4.5 - 4.7 on preference preorderings are

again easily interpreted in this context of uncertainty and related to the corresponding assumptions in

the case of certainty. Most interesting are the three convexity assumptions on preferences of 4.7.

Attention will be focused on:

(a) If  then ,xi
2

i
ö xi

1 t $ xi
2 + (1 − t) $ x i

1
i
ö xi

1

which is the weakest (when preferences satisfy the continuity assumption (a) of 4.6). This axiom

for uncertain consumptions implies an attitude of risk-aversion for the ith consumer. To see this,

consider the case of one date and two events which are the outcomes Head and Tail of the tossing of

a coin. Let b and c be two certain consumptions, and denote by (b, c) the uncertain consumption which

associates b with event Head and c with event Tail, by (c, b) the uncertain consumption which makes

the reverse association. Assume moreover that (b, b) is not indifferent to (c, c), i.e., that the certain
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consumptions b and c are not indifferent. If (b, c) is indifferent to (c, b), i.e., if the ith consumer

appraises Head and Tail as being equally likely, (a) asserts that , i.e., the certainty of( b+c
2 , c+b

2 )

consuming , is at least as desired as the uncertain consumption (b, c) or (c, b).( b+c
2 )

Given a price system p and his wealth wi, the ith consumer tries to satisfy his preferences  in the
i
í

subset of Xi defined by the wealth constraint .p.x ï w i

7.6. EQUILIBRIUM

Finally the total resources are a given vector w of Rl such that, for every event eT at T, the

vector w(eT) of the components of w associated with the unicursal path from the vertex l0 of the

event tree to the vertex eT coincides with the certain total resources associated with that path. The

formal description of an economy  is thus identical with that given in 5.3. InE = Xi,
i
í ,(Yj),z

particular, an attainable state of E is an (m+n)-tuple  ((xi), (yj)) of actions such that for every i,x i c X i

yi,  for every j,  .y i c Yi S
i=1

m
xi − S

i=1

m
yj = z

The equality expresses that the actions of the agents are compatible with the total resources, i.e.,

for every event eT at T,

S
i=1

m
xi(eT ) − S

i=1

m
yj(eT ) = z(eT)

A private ownership economy E is described by an economy , the resources Xi,
i
ç ,(Yj ),z

of the consumers and their shares . The wi are points of Rl satisfying  and the  are(z i ) (h ij ) S
i=1

m
z i = z hij

non-negative real numbers satisfying    for every j. Given a price system p and productionsS
i=1

m
h ij = 1

(yj) for the n producers the wealth of the ith consumer is wi = p.z i + S
j=1

n
h ij .p.y j

The formal identity of this theory of uncertainty with the theory of certainty developed earlier

allows one to apply here all the results established in the preceding chapters. In particular, sufficient

conditions for the existence of an equilibrium for the private ownership economy E are given by

theorem (1) of 5.7.

7.7. OPTIMUM

In the same fashion, theorems (1) of 6.3 and (1) of 6.4 applied to the economy E yield sufficient

conditions for an equilibrium relative to a price system to be an optimum, and for an optimum to be an

equilibrium relative to a price system.
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John F. Muth

Rational Expectations and the Theory of Price Movements

In order to explain fairly simply how expectations are formed, we advance the hypothesis that

they are essentially the same as the predictions of the relevant economic theory. In particular, the

hypothesis asserts that the economy generally does not waste information, and that expectations

depend specifically on the structure of the entire system. Methods of analysis, which are appropriate

under special conditions, are described in the context of an isolated market with a fixed production lag.

The interpretative value of the hypothesis is illustrated by introducing commodity speculation into the

system.

1. Introduction

That expectations of economic variables may be subject to error has, for some time, been

recognized as an important part of most explanations of changes in the level of business activity. The

"ex ante" analysis of the Stockholm School-although it has created its fair share of confusion-is a

highly suggestive approach to short-run problems. It has undoubtedly been a major motivation for

studies of business expectations and intentions data.

As a systematic theory of fluctuations in markets or in the economy, the approach is limited,

however, because it does not include an explanation of the way expectations are formed. To make

dynamic economic models complete, various expectations formulas have been used. There is, how-

ever, little evidence to suggest that the presumed relations bear a resemblance to the way the

economy works.

What kind of information is used and how it is put together to frame an estimate of future

conditions is important to understand because the character of dynamic processes is typically very

sensitive to the way expectations are influenced by the actual course of events. Furthermore, it is

often necessary to make sensible predictions about the way expectations would change when either

the amount of available information or the structure of the system is changed. (This point is similar to

the reason we are curious about demand functions, consumption functions, and the like, instead of only

the reduced form "predictors" in a simultaneous equation system.) The area is important from a

statistical standpoint as well, because parameter estimates are likely to be seriously biased toward zero

if the wrong variable is used as the expectation.
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The objective of this paper is to outline a theory of expectations and to show that the implications

are-as a first approximation-consistent with the relevant data.

2. The "Rational Expectations" Hypothesis

Two major conclusions from studies of expectations data are the following:

1. Averages of expectations in an industry are more accurate than naive models and as accurate

as elaborate equation systems, although there are considerable cross-sectional differences of opinion.

2. Reported expectations generally underestimate the extent of changes that actually take place.

In order to explain these phenomena, I should like to suggest that expectations, since they are

informed predictions of future events, are essentially the same as the predictions of the relevant

economic theory. At the risk of confusing this purely descriptive hypothesis with a pronouncement as

to what firms ought to do, we call such expectations "rational". It is sometimes argued that the

assumption of rationality in economics leads to theories inconsistent with, or inadequate to explain,

observed phenomena, especially changes over time (e.g., Simon 1959). Our hypothesis is based on

exactly the opposite point of view: that dynamic economic models do not assume enough rationality.

The hypothesis can be rephrased a little more precisely as follows: that expectations of firms (or,

more generally, the subjective probability distribution of outcomes) tend to be distributed, for the same

information set, about the prediction of the theory (or the "objective" probability distributions of

outcomes).

The hypothesis asserts three things: (1) Information is scarce, and the economic system generally

does not waste it. (2) The way expectations are formed depends specifically on the structure of the

relevant system describing the economy. (3) A "public prediction," in the sense of Grunberg and

Modigliani (1954), will have no substantial effect on the operation of the economic system (unless it is

based on inside information). This is not quite the same thing as stating that the marginal revenue

product of economics is zero, because expectations of a single firm may still be subject to greater error

than the theory.

It does not assert that the scratch work of entrepreneurs resembles the system of equations in

any way; nor does it state that predictions of entrepreneurs are perfect or that their expectations are

all the same.
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For purposes of analysis, we shall use a specialized form of the hypothesis. In particular, we

assume: (1) The random disturbances are normally distributed. (2) Certainty equivalents exist for the

variables to be predicted. (3) The equations of the system, including the expectations formulas, are

linear. These assumptions are not quite so strong as may appear at first because any one of them

virtually implies the other two.

3. Price Fluctuations in an Isolated Market

We can best explain what the hypothesis is all about by starting the analysis in a rather simple

setting: short-period price variations in an isolated market with a fixed production lag of a commodity

which cannot be stored.4 The market equations take the form

 (demand)C t = −bp t

(supply) (3.1)Pt = cp t
e + u t

(market equilibrium),P t = C t

where: Pt represents the number of units produced in a period lasting as long as the production

lag, Ct is the amount consumed, pt is the market price in the tth period, pet is the market price

expected to prevail during the tth period on the basis of information available through the (t-1)st period,

and ut is an error term-representing, say, variations in yields due to weather. All the variables used are

deviations from equilibrium values.

The quantity variables may be eliminated from (1) to give

. (3.2)p t = − c
b p t

e − 1
b ut

The error term is unknown at the time the production decisions are made, but it is known-and

relevant-at the time the commodity is purchased in the market.

The prediction of the model is found by replacing the error term by its expected value, conditional

on past events. If the errors have no serial correlation and Eut= 0, we obtain

. (3.3)Ept = − c
b pt

e

If the prediction of the theory were substantially better than the expectations of the firms, then

there would be opportunities for the "insider" to profit from the knowledge-by inventory speculation if

possible, by operating a firm, or by selling a price forecasting service to the firms. The profit

opportunities would no longer exist if the aggregate expectation of the firms is the same as the

prediction of the theory:
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. (3.4)Ep t = p t
e

Referring to (3) we see that if  the rationality assumption (4) implies that  or that thec
b ! −1 p t

e = 0

expected price equals the equilibrium price. As long as the disturbances occur only in the supply

function, price and quantity movements from one period to the next would be entirely along the

demand curve.

The problem we have been discussing so far is of little empirical interest, because the shocks

were assumed to be completely unpredictable. For most markets it is desirable to allow for income

effects in demand and alternative costs in supply, with the assumption that part of the shock variable

may be predicted on the basis of prior information. By retracing our steps from (2), we see that the

expected price would be

. (3.5)pt
e = − 1

b+c Eut

If the shock is observable, then the conditional expected value or its regression

estimate may be found directly. If the shock is not observable, it must be estimated

from the past history of variables that can be measured.

Expectations with Serially Correlated Disturbances.We shall write the u's as a linear combination

of the past history of normally and independently distributed random variables et with zero mean and

variance s2:

(3.6)u t = S
t=0

∞
w iet−i ,Eej = 0, Eeiej =

 

 
 

r2 if i = j
0 if i ! j

 

 
 

Any desired correlogram in the U's may be obtained by an appropriate choice of the weights wi.

The price will be a linear function of the same independent disturbances; thus

(3.7)pt = S
t=0

∞
Wiet−i

The expected price given only information through the (t-1)st period has the same form as that in

(7), with the exception that et is replaced by its expected value (which is zero). We therefore have

. (3.8)pt
e = W0Eet + S

t=0

∞
Wiet−i = S

t=0

∞
Wiet−i

If, in general, we let pt,L be the price expected in period t+L on the basis of information available

through the tth period, the formula becomes

. (3.9)pt−L, L = S
t=L

∞
Wiet−i

- 54 - Late Neoclassicism: Muth

COPY MADE  ON BEHALF OF U.W.S, UNDER THE
PROVISIONS OF SECTION 53B ON JUNE 20TH 1997



Substituting for the price and the expected price into (1), which reflect the market equilibrium

conditions, we obtain

(3.10)W0et + 1 + c
b S

t=1

∞
Wiet−i = − 1

b S
t=0

∞
wiet−i

Equation (10) is an identity in the e's; that is, it must hold whatever values of ej happen to occur.

Therefore, the coefficients of the corresponding ej in the equation must be equal.

The weights W are therefore the following:

, (3.11a)W0 = − 1
b w0

(i = 1,2,3) (3.11b)Wi = − 1
b+c wi

Equations (11) give the parameters of the relation between prices and price expectations

functions in terms of the past history of independent shocks. The problem remains of writing the

results in terms of the history of observable variables. We wish to find a relation of the form

(3.12)pt
e = S

j=1

∞
Vjpt−j

We solve for the weights Vj in terms of the weights W in the following manner. Substituting from

(7) and (8), we obtain

S
t=1

∞
Wiet−i = S

j=1

∞
Vj S

i=0

∞
Wiet−i−j = S

i=0

∞
S
j=1

∞
VjWi−j et−i

Since the equality must hold for all shocks, the coefficients must satisfy the equations

(3.14)Wi = S
j=1

∞
VjWi−j , (i = 1, 2, 3, ...)

This is a system of equations with a triangular structure, so that it may be solved successively for

the coefficients V1, V2, V3,...

If the disturbances are independently distributed, as we assumed before, then  and allW0 = −1/b

the others are zero. Equations (14) therefore imply

, (3.15a) p t
e = 0

(3.15b)p t = p t
e + W 0et = − 1

b et

These are the results obtained before.
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Suppose, at the other extreme, that an exogenous shock affects all future conditions of supply,

instead of only the one period. This assumption would be appropriate if it represented how far

technological change differed from its trend. Because ut is the sum of all the past ej, wi = 1 (i =

0,1,2,...). From (11),

(3.16a)W0 = −1/b

(3.16b)W i = −1/(b + c)

From (14) it can be seen that the expected price is a geometrically weighted moving average of

past prices:

pt
e = b

c S
j=1

∞ c
b+c

j
pt−j

This prediction formula has been used by Nerlove (1958) to estimate the supply elasticity of

certain agricultural commodities. The only difference is that our analysis states that the "coefficient of

adjustment" in the expectations formula should depend on the demand and the supply coefficients. The

geometrically weighted moving average forecast is, in fact, optimal under slightly more general

conditions (when the disturbance is composed of both permanent and transitory components). In that

case the coefficient will depend on the relative variances of the two components as well as the supply

and demand coefficients (see Muth 1960).

Deviations from Rationality. Certain imperfections and biases in the expectations may also be

analyzed with the methods of this paper. Allowing for cross-sectional differences in expectations is a

simple matter, because their aggregate effect is negligible as long as the deviation from the rational

forecast for an individual firm is not strongly correlated with those of the others. Modifications are

necessary only if the correlation of the errors is large and depends systematically on other explanatory

variables. We shall examine the effect of over-discounting current information and of differences in

the information p0ssessed by various firms in the industry. Whether such biases in expectations are

empirically important remains to be seen. I wish only to emphasize that the methods are flexible

enough to handle them.

Let us consider first what happens when expectations consistently over-or underdiscount the

effect of current events. Equation (8), which gives the optimal price expectation, will then be replaced

by

(3.18)pt
e = f1W1et−1 + S

i=2

∞
Wiet−i
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In other words the weight attached to the most recent exogenous disturbance is multiplied by the

factor f1, which would be greater than unity if current information is overdiscounted and less than

unity if it is under-discounted.

If we use (18) for the expected price instead of (8) to explain market price movements, then (11)

is replaced by

(3.19a)W0 = − 1
b w0

(3.19b)W1 = − 1
b+f 1c w 1

(3.19c)W i = − 1
b+c w i , (i = 2, 3, 4, ...)

The effect of the biased expectations on price movements depends on the statistical properties of

the exogenous disturbances.

If the disturbances are independent (that is, w0 = 1 and wi = 0 for i >= 1), the biased expectations

have no effect. The reason is that successive observations provide no information about future

fluctuations.

On the other hand, if all the disturbances are of a permanent type (that is, w0 = w1 = . . . = 1),

the properties of the expectations function are significantly affected. To illustrate the magnitude of the

differences, the parameters of the function

pt
e = S

j=1

∞
Vjpt−j

are compared in figure 1 for b = 2g and various values of f1. If current information is

underdiscounted (f1 = 1/2), the weight V1 attached to the latest observed price is very high. With

overdiscounting (f1 = 2), the weight for the first period is relatively low.
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The model above can be interpreted in

Figure 3.1
Autoregression Coefficients of Expectations 
for Biased use of Recent Information

another way. Suppose that some of the firms have access to later information than the others. That is,

there is a lag of one period for some firms, which therefore form price expectations according to (8).

The others, with a lag of two periods, can only use the following:

(3.20)pt
e ∏ = S

i=2

∞
Wiet−i

Then the aggregate price expectations relation is the same as (18), if f1 represents the fraction of

the firms having a lag of only one period in obtaining market information (that is, the fraction of

"insiders").

4. Effects of Inventory Speculation

Some of the most interesting questions involve the economic effects of inventory storage and

speculation. We can examine the effect by adjoining to (1) an inventory demand equation depending

on the difference between the expected future price and the current price. As we shall show, the price

expectation with independent disturbances in the supply function then turns out to have the form

, (4.1)p t
e = kp t−1

where the parameter l would be between zero and one, its value depending on the demand,

supply, and inventory demand parameters.

Speculation with moderately well-informed price expectations reduces the variance of prices by

spreading the effect of a market disturbance over several time periods, thereby allowing shocks
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partially to cancel one another out. Speculation is profitable, although no speculative opportunities

remain. These propositions might appear obvious. Nevertheless, contrary views have been expressed

in the literature.

Before introducing inventories into the market conditions, we shall briefly examine the nature of

speculative demand for a commodity.

Optimal Speculation. We shall assume for the time being that storage, interest, and transactions

costs are negligible. An individual has an opportunity to purchase at a known price in the tth period for

sale in the succeeding period. The future price is, however, unknown. If we let It represent the

speculative inventory at the end of the tth period,6 then the profit to be realized is

. (4.2)ot = It(p t+1 − p t )

Of course, the profit is unknown at the time the commitment is to be made. There is,

however, the expectation of gain.

The individual demand for speculative inventories would presumably be based on reasoning of the

following sort. The size of the commitment depends on the expectation of the utility of the profit. For a

sufficiently small range of variation in profits, we can approximate the utility function by the first few

terms of its Taylor's series expansion about the origin:

(4.3)u t = v(ot ) = v(0) + v∏(0)ot + 1
2 v∏∏(0)ot

2 + ...

The expected utility depends on the moments of the probability distribution of r:

(4.4)Eu t = v(0) + v∏(0)Eot + 1
2 v∏∏(0)Eot

2 + ...

From (22) the first two moments may be found to be

(4.5a)Eot = It(p t+1
e − p t )

, (4.5b)Eot
2 = It

2 rt,1
2 + (pt+1

e − p t )
2

where  is the conditional mean of the price in period t + 1 (given all information through periodp t+1
e

t) and  is the conditional variance. The expected utility may therefore be written in terms of thert,1
2

inventory position as follows:
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Eu t = v(0) + v∏(0)It(p t+1
e − p t ) +

1
2 v∏∏(0)It

2 rt,1
2 + (p t+1

e − p t )2 + ...

(4.6)

The inventory therefore satisfies the condition

(4.7)
dEu t

dIt = v ∏(0)(p t+1
e − p t ) +

v ∏∏(0)It r t,1
2 + (p t+1

e − p t )
2 + ... = 0

The inventory position would, to a first approximation, be given by 

. (4.8)It =−
v∏(0)(pt+1

e −pt)

v∏∏(0) rt,1
2 +(pt+1

e −pt )2

If f’(0) > 0 and f’’(0) <0, the above expression is an increasing function of the expected

change in prices (as long as it is moderate).

At this point we make two additional assumptions: (1) the conditional variance, , is independentrt,1
2

of , which is true if prices are normally distributed, and (2) the square of the expected price changep t
e

is small relative to the variance. The latter assumption is reasonable because the original expansion of

the utility function is valid only for small changes. Equation (28) may then be simplified to:

(4.9)It = a(p t+1
e − p t )

where  a = − v(0)
v ∏∏(0)r t,1

2

Note that the coefficient at depends on the commodity in only one way: the variance of price

forecasts. The aggregate demand would, in addition, depend on who holds the stocks as well as the

size of the market. For some commodities, inventories are most easily held by the firms.8 If an orga-

nized futures exchange exists for the commodity, a different population would be involved. In a few

instances (in particular, durable goods), inventory accumulation on the part of households may be

important.

The original assumptions may be relaxed, without affecting the results significantly, by introducing

storage or interest costs. Margin requirements may, as well, limit the long or short position of an

individual. Although such requirements may primarily limit cross-sectional differences in positions, they

may also constrain the aggregate inventory. In this case, we might reasonably expect the aggregate
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demand function to be nonlinear with an upper "saturation" level for inventories. (A lower level would

appear for aggregate inventories approaching zero.)

Because of its simplicity, however, we shall use (29) to represent inventory demand.

Market Adjustments. We are now in a position to modify the model of Section 2 to take account

of inventory variations. The ingredients are the supply and demand equations used earlier, together

with the inventory equation. We repeat the equations below (Pt represents production and Ct

consumption during the tth period):

(demand),  (4.10a)C t = −bp t

(supply),  (4.10b)P t = cpet + u t

 (inventory speculation).  (4.10c)It = a(pet+1 − p t)

The market equilibrium conditions are

(4.11)C t + It = P t + I t − 1

Substituting (30) into (31), the equilibrium can be expressed in terms of prices, price expectations,

and the disturbance, thus

(4.12)−(a + b)p t + apet+1 = (a + c)pet − ap t−1 + u t

The conditions above may be used to find the weights of the regression functions for prices and

price expectations in the same way as before. Substituting from (6), (7), and (8) into (32), we obtain

(4.13)
− (a + b) S

i=0

∞
Wiet−i + a S

i=1

∞
Wiet+1−i

= (a + c) S
i=1

∞
Wiet−i − a S

i=0

∞
Wiet−1−i + S

i=0

∞
w iet−i

In order that the above equation hold for all possible c's, the corresponding coefficients must, as

before, be equal. Therefore, the following system of equations must be satisfied:9

(4.14a)−(a + b)W0 + aW1 = w0

    (i = 1,2,3,...). (4.14b)aW i−1 − (2a + b + c)W i + aW i+1 = w i

Provided it exists, the solution of the homogeneous system would be of the form

(4.15)Wk = ck1
k
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where l1 is the smaller root of the characteristic equation

(4.16)a − (2a + b + c)k + ak2 = a(1 − k)2 − (b + c)k = 0

l1 is plotted against positive values of  in figure 4.1.a/(b + c)

A unique, real, and bounded solution to (34)
     Figure 4.1

will exist if the roots of the characteristic equation are real. The roots occur in reciprocal pairs, so that

if they are real and distinct exactly one will have an absolute value less than unity. For a bounded

solution the coefficient of the larger root vanishes; the initial condition is then fitted to the coefficient of

the smaller root.

The response of the price and quantity variables will be dynamically stable, therefore, if the roots

of the characteristic equation are real. It is easy to see that they will be real if the following inequalities

are satisfied:

a > 0, (4.17a)

b+g > 0. (4.17b)

The first condition requires that speculators act in the expectation of gain (rather than loss). The

second is the condition for Walrasian stability. Hence an assumption about dynamic stability implies

rather little about the demand and supply coefficients. It should be observed that (37) are not

necessary conditions for stability. The system will also be stable if both inequalities in (37) are

reversed (!) or if 0 > a/(b + g) > -1/4. If a=0 there is no "linkage" from one period of time to another,

so the system is dynamically stable for all values of  b+g .

Suppose, partly by way of illustration, that the exogenous disturbances affecting the market are

independently distributed. Then we can let w0 =1 and wi = 0 (i ³ 1). The complementary function will

therefore be the complete solution to the resulting difference equation. By substituting (35) into (34a),

we evaluate the constant and find
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(4.18)Wk = − 1
(a+b)−ak1

k1
k

The weights Vk may be found either from (14) or by noting that the resulting stochastic process

is Markovian. At any rate, the weights are

(4.19)Vk =
 

 
 

k1, k = 1
0, k > 1

 

 
 

The expected price is therefore correlated with the previous price, and the rest of the price

history conveys no extra information, i.e.,

, (4.20)p t
e = k1p t−1

where the parameter depends on the coefficients of demand, supply, and inventory speculation

according to (36) and is between 0 and 1. If inventories are an important factor in short-run price

determination, A1 will be very nearly unity so that the time series of prices has a high positive serial

correlation. 10 If inventories are a negligible factor, A1 is close to zero and leads to the results of

Section 2.

Effects of Inventory Speculation. Substituting the expected price, from (40) into (30), we obtain

the following system to describe the operation of the market:

(4.21a)C t = −bp t

Pt = gl1pt-1 + et (4.21b)P t =

(4.21c)It = −a(1 − k1)p t

The market conditions can be expressed in terms of supply and demand by including the inventory

carryover with production and inventory carry-forward with consumption; thus,

(demand),Q t = C t + It

(supply).  (4.22)Q t = P t + It−1

Substituting from (41) we obtain the system:

, (demand), (4.23a)Q0 = −[b + a(1 − k1)]p t

(supply). (4.23b)Q t = [ck1 − a)p t−1] + e t
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The coefficient in the supply equation is reduced while that of the demand equation is

increased. The conclusions are not essentially different from those of Hooton (1950).

The change is always enough to make the dynamic response stable.

If price expectations are in fact rational, we can make some statements about the economic

effects of commodity speculation. (The relevant formulas are summarized in table 4.1.) Speculation

reduces 

Table 4.1

Effects of Inventory Speculation

− 1
b (1 − 2a

b )r2−br2EC tp t7. Mean consumers expenditure

ar2a(1− k1)2rp
2EI t(p t+1 − p t)6. Mean speculators revenue

− 1
b (1 − a

b )r2ck1
2rp

2 + W0r2EP tp t5. Mean producers revenue

1 + ac
2b(b+c) a(r2 + c2k1

2rp
2) 1

2rP4. Standard deviation of output

a
b(b+c) rk1rprp

e3. Standard deviation of expected

prices

1
b (1 − a

b )rW0 |(1 −k1
2)− 1

2 rrp2. Standard deviation of prices

a/(b + c)[eq.(4.16)]k11. Characteristic root

Approximation for small 

a

General FormulaSymbolDescription

the variance of prices by spreading the effect of a disturbance over several time periods. From

figure 3, however, we see that the effect is negligible if at is much less than the sum of b and y. The

standard deviation of expected prices first increases with at because speculation makes the time series

more predictable and then decreases because of the small variability of actual prices. The variability of

factor inputs and production follows roughly the same pattern (cf. Kaldor 1939-40).
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In figure 4.3 we see that mean income

   
Figure 4.2

Prices

Expected
Prices

Ratio scale

 Figure 4.4

to speculators is always positive and has a maximum value slightly to the left of that for expected

prices. Producers' revenue and consumers' expenditures both increase with a. Consumers'

expenditures increase at first a little faster than the revenue of the producers. The effect of

speculation on welfare is therefore not obvious.

The variability of prices for various

    Speculators

        Consumers
  Producers

    Figure 4.3

values of g/b is plotted as a function of a/b in figure 4.4. The general shape of the curve is not affected

by values of g/b differing by as much as a factor of 100. The larger the supply coefficient, however,

the sharper is the cut-off in price variability.
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          Figure 4.4

5. Rationality and Cobweb Theorems

ks having no serial correlation. Such comparisons are a little treacherous because most real

markets have significant income effects in demand, alternative costs in supply, and errors in both

behavioral equations. To the extent that these effects introduce positive serial correlation in the

residuals, the difference between the cobweb and rational models would be diminished. Subject to

these qualifications, we shall compare the two kinds of models according to the properties of firms'

expectations and the cyclical characteristics of commodity prices and output.

Expectations of Firms. There is some direct evidence concerning the quality of expectations of

firms. Heady and Kaldor (1954) have shown that for the period studied, average expectations were 

Table  5.1

Properties of Cobweb Models

c
b <

 

 
 

1
1−2?varrho? ,?varrho

1
? varrho?, [

− c
b p t

e(1 − ?varrho?)p t−1 + ?var(B) Extrapolative (Goodwin)

c < b− c
b p t

ep t−1(A)Classical

(Shultz-Tinbergen-Ricci)

Stability ConditionsPrediction Expectation ( )p t
e
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b + c > 0k1p t−1k1p t−1

(0 < k1 < 1)

(E) Rational

 (with speculation)

b + c ! 0

a > 0

00(D) Rational

c
b < 2

g − 1− c
b p t

eg
∞

j=1
S (1 − g) j−1p t−j

(0 < g < 1)

(C) Adaptive (Nerlove)

(−1 < ?varrho? < 1)

considerably more accurate than simple extrapolation, although there were substantial

cross-sectional differences in expectations. Similar conclusions concerning the accuracy have been

reached, for quite different expectational data, by Modigliani and Weingartner (1958).

It often appears that reported expectations underestimate the extent of changes that actually take

place. Several studies have tried to relate the two according to the equation:

(5.6)p t
e = bpt + vt

∏

where 0' is a random disturbance. Estimated values of b are positive, but less than unity (see, e.g.,

Theil 1953). Such findings are clearly inconsistent with the cobweb theory, which ordinarily requires a

negative coefficient. We shall show below that they are generally consistent with the rational

expectations hypothesis.

Bossons and Modigliani (N.D.) have pointed out that the size of the estimated coefficient, b, may

be explained by a regression effect. Its relevance may be seen quite clearly as follows. The rational

expectations hypothesis states that, in the aggregate, the expected price is an unbiased predictor of the

actual price. That is,

, , (5.7)p t = p t
e + vt Ep t

evt = 0 Evt = 0

The probability limit of the least squares estimate of b in (49) would then be given by

(5.8)P limb̂ = (Var pe)/(Var p) < 1

Cycles. The evidence for the cobweb model lies in the quasi-periodic fluctuations in prices of a

number of commodities. The hog cycle is perhaps the best known, but cattle and potatoes have

sometimes been cited as others which obey the "theorem." The phase plot of quantity with current and

lagged price also has the appearance which gives the cobweb cycle its name.
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A dynamic system forced by random shocks typically responds, however, with cycles having a

fairly stable period. This is true whether or not any characteristic roots are of the oscillatory type.

Slutzky (1937) and Yule (1927) first showed that moving-average processes can lead to very regular

cycles. A comparison of empirical cycle periods with the properties of the solution of a system of

differential or difference equations can therefore be misleading whenever random shocks are present

(Haavelmo 1940).

The length of the cycle under various hypotheses depends on how we measure the empirical

cycle period. Two possibilities are: the interval between successive “upcrosses” of the time series (i.e.,

crossing the trend line from below), and the average interval between successive peaks or troughs.

Both are given in table 3, which summarizes the serial correlation of prices and mean cycle lengths for

the various hypotheses.

Table 5.2

Properties of Cobweb Models

3 [ L∏ [ 4L > 4r1 = k1 > 0(E) Rational- with storage

L’ = 3L = 4r1 = 0(D) Rational

− gc
b [ r1 [ 0(C) Adaptive

2 [ L∏ [ 42 [ L [ 4r1 = −(1−?varrho?)
b+c?varrho? < 0(B) Extrapolative

r1 = − c
b < 0(A) Classical

Mean Interval Between

Successive Peaks or

Troughs, L’

Mean Interval Between

Successive Upcrosses,

L

Serial Correlation of

Prices, r1

That the observed hog cycles were too long for the cobweb theorem was first observed in 1935

by Coase and Fowler (1935, 1937). The graph of cattle prices given by Ezekiel (1938) as evidence for

the cobweb theorem implies an extraordinarily long period of production (5-7 years). The interval

between successive peaks for other commodities tends to be longer than three production periods.

Comparisons of the cycle lengths should be interpreted cautiously because they do not allow for

positive serial correla tion of the exogenous disturbances. Nevertheless, they should not be construed

as supporting the cobweb theorem.

- 68 - Late Neoclassicism: Muth

COPY MADE  ON BEHALF OF U.W.S, UNDER THE
PROVISIONS OF SECTION 53B ON JUNE 20TH 1997



Thomas J. Sargent & Neil Wallace

Rational Expectations and the Theory of Economic Policy

There is no longer any serious debate about whether monetary policy should be conducted

according to rules or discretion. Quite appropriately, it is widely agreed that monetary policy should

obey a rule, that is, a schedule expressing the setting of the monetary authority's instrument (e.g., the

money supply) as a function of all the information it has received up through the current moment. Such

a rule has the happy characteristic that in any given set of circumstances, the optimal setting for policy

is unique. If by remote chance, the same circumstances should prevail at two different dates, the

appropriate settings for monetary policy would be identical.

The central practical issue separating monetarists from Keynesians is the appropriate form of the

monetary policy rule. Milton Friedman has long advocated that the monetary authority adopt a simple

rule having no feedback from current and past variables to the money supply. He recommends that the

authority cause the money supply to grow at some rate of x percent per year without exception. In

particular, the Fed ought not to try to "lean against the wind" in an effort to attenuate the business

cycle.

Within the context of macroeconometric  models as they are usually manipulated, Friedman's

advocacy of a rule without feedback seems indefensible. For example, suppose that a variable yt,

which the authority is interested in controlling, is described by the stochastic difference equation,

, (1)yt = a + k.yt−1 + b.m t + u t

where ut is a serially independent, identically distributed random variable with variance su2 and

mean zero; mt is the rate of growth of the money supply; and a, l, and b are parameters. The variable

yt can be thought of as the unemployment rate or the deviation of real GNP from "potential" GNR This

equation should be thought of as the reduced form of a simple econometric model.

Suppose that the monetary authority desires to set mt in order to minimize the variance over time

of yt around some desired level y* It accomplishes this by appropriately choosing the parameters g0

and g1 in the feedback rule,

(2)m t = g0 + g1 .yt−1

Substituting for mt from (2) into (1) gives

(3)yt = (a + b.g0) + (k + b.g1)yt−1 + u t
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From this equation the steady-state mean of y is given by

, (4)E(y) = a+b$g0

1−(k+b$g1 )

which should be equated to y* in order to minimize the variance of y around y* From (3) the

steady-state variance of y around its mean (and hence around y*) is given by

var(y) = (k + b $ g1 )2 $ var(y) + ru
2

or

var(y) = ru
2

1−(k+b$g 1 )2

The monetary authority chooses g1 to minimize the variance of y, then chooses g0 from equation

(4) to equate E(y) to y*. From equation (5), the variance of y is minimized by setting l + b.g1 = 0, so

that g1 equals -l/b. Then from equation (4) it follows that the optimal setting of g0 is g0 = (y* - a)/b. So

the optimal feedback rule for mt is

(6)mt = (y&−a)
b−(k/b)yt−1

Substituting this control rule into (1) gives

yt = y& + u t

which shows that application of the rule sets yt equal to y* plus an irreducible noise. Notice that

application of the rule eliminates all serial correla tion in y, since this is the way to minimize the

variance of y. Use of rule (6) means that the authority always expects to be on target, since its

forecast of yt at time t-1 is

,yt = a + kyt−1 + bm t

which under rule (6) equals y*.

Friedman's x-percent growth rule in effect sets g1 equal to zero. So long as l is not zero, that rule

is inferior to the feedback rule (6).

This example illustrates all of the elements of the usual proof that Friedman's simple x-percent

growth rule is suboptimal. Its logic carries over to larger stochastic difference equation models, ones

with many more equations and with many more lags. It also applies where criterion functions have

more variables. The basic idea is that where the effects of shocks to a goal variable (like GNP)

display a stable pattern of persistence (serial correlation), and hence are predictable, the authority can

improve Qe behavior of the goal variable by inducing offsetting movements in its instruments.
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The notion that the economy can be described by presumably a large system of stochastic

difference equations with fixed parameters underlies the standard Keynesian objections to the monism

of monetarists who argue that the monetary authority should ignore other variables such as interest

rates and concentrate on keeping the money supply on a steady growth path. The view that, on the

contrary, the monetary authority should "look at (and respond to) everything," including interest rates,

rests on the following propositions: (a) the economic structure is characterized by extensive

simultaneity, so that shocks that impinge on one variable, e.g., an interest rate, impinge also on most

others; (b) due to lags in the system, the effects of shocks on the endogenous variables are distributed

over time, and so are serially correlated and therefore somewhat predict-able; and (c) the "structure"

of these lags is constant over time and does not depend on how the monetary authority is behaving.

These propositions imply that variables that the authority observes very frequently, e.g., daily, such as

interest rates, carry information useful for revising its forecasts of future value of variables that it can't

observe as often, such as GNP and unemployment. This follows because the same shocks are

affecting both the observed and the unobserved variables, and because those shocks have effects that

persist. It follows then from (c) that the monetary authority should in general revise its planned setting

for its policy instruments each time it receives some new and surprising reading on a variable that is

determined simultaneously with a variable, like GNP or unemployment, that it is interested in

controlling. Such an argument eschewing a simple x-percent growth rate rule in favor of "looking at

everything" has been made by Samuelson (1970):

“... when I learned that I had been wrong in my beliefs about how fast M was growing from

December, 1968 to April, 1969, this news was just one of twenty interesting items that had come to

my knowledge that week. And it only slightly increased my forecast for the strength of aggregate

demand at the present time. That was because my forecasts, so to speak, do not involve "action at a

distance" but are loose Markov processes in which a broad vector of current variables specify the

"phase space" out of which tomorrow's vector develops. (In short, I knowingly commit that most

atrocious of sins in the penal code of the monetarists-I pay a great deal of attention to a11 dimensions

of "credit conditions" rather than keeping my eye on the solely important variable M/M.)

. . . often, I believe, the prudent man or prudent committee can look ahead six months to a year

and with some confidence predict that the economy will be in other than an average or "ergodic" state.

Unless this assertion of mine can be demolished, the case for a fixed growth rate for M, or for

confining M to narrow channels around such a rate, melts away.

These general presumptions arise out of what we know about plausible models of economics and

about the findings of historical experience.”
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There can be little doubt about the inferiority of an x-percent growth rule for the money supply in

a system satisfying propositions (a), (b), and (c) above. A reasonable disagreement with the "look at

everything, respond to everything" view would seemingly have to stem from a disbelief of one of those

three premises. In particular, proposition (c) asserting the Invariance of lag structures with respect to

changes in the way policy is conducted would probably not be believed by an advocate of a rule with-

out feedback.

Thus, returning to our simple example, a critical aspect of the proof of the suboptimality of

Friedman's rule is clearly the assumption that the parameters at, A, and ,8 of the reduced form (1) are

independent of the settings for g0 and g1 in the feedback rule. Macroeconometric  models are almost

always manipulated under such an assumption. However, Lucas (in press) has forcefully argued that

the assumption is inappropriate, and that the parameters of estimated reduced forms like (1) in part

reflect the policy responses in operation during the periods over which they are estimated. This

happens because in the reduced forms are embedded the responses of expectations to the way policy

is formed. Changes in the way policy is made then ought not to leave the parameters of estimated re-

duced forms unchanged.

To illustrate this point while continuing with our example, suppose that our reduced form (1) has

been estimated during some sample period and suppose that it comes from the "structure":

(7)yt = n + n(m t − E t−1.m t) + n2yt−1 + u t

(8)m t = g0 + g1yt−1 + et

(9)E t−1m t = g0 + g1yt−1

Here x0 , x1 and x2 are fixed parameters; et is a serially independent random term with mean

zero. We assume that it is statistically independent of ut. Equation (8) governed the money supply

during the estimation period. The variable Et-1mt is the public's expectation of mt as of time t-1.

According to (9), the public knows the monetary authority's feedback rule and takes this into account

in forming its expectations. According to equation (7), unanticipated movements in the money supply

cause movements in y, but anticipated movements do not. The above structure can be written in the

reduced form

(10)yt = (n0 − n1g0 ) + (n2 − n1g1)yt−1 + n1m t + u t

which is in the form of (1) with a = (x0 - x1 g0) , l = (x2 - x1 g1)and b =x1. While the form of

(10) is identical with that of (1), the coefficients of (10) are clearly functions of the control parameters,

the g’s that were in effect during the estimation period.
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Suppose now that the monetary authority desires to design a feedback rule to minimize the

variance of  y around y*. Under the assumption that the public will know the rule it is using and so use

the currently prevailing g’s in (8) in forming its expectations, rather than the old g’s that held during the

estimation period. The public would presumably know the g's if the monetary authority were to

announce them. Failing that, the public might be able to infer the g's from the observed behavior of the

money supply and other variables. In any case, on the assumption that the public knows what g's the

authority is using, at and A of equation (1) come to depend on the authority's choice of g's. This

fundamentally alters the preceding analysis, as can be seen by substituting g0 + g1yt-1 for mt in (10) to

arrive at

(10)yt = (n0 − n1g0 ) + (n2 − n1g1)yt−1 + n1(g0 + g1yt−1 + et) + u t

or

(11)yt = n0 + n0yt−1 + u t + n1et

According to (11), the stochastic process for yt does not even involve the parameters g0 and g1.

Under different values of g0 and g1, the public's method of forming its expectations is also different,

implying differences in the values of a and l in (1) under different policy regimes. In our hypothetical

model, the resulting differences in a and l just offset the differences in g0 and g1, leaving the behavior

of y identical as a result. Put somewhat differently, our old rule "set g1 = l/b" can no longer be fulfilled.

For on the assumption that the public uses the correct g's in forming its expectations, it implies

 org 1 = − k
b = n1 g1 −n 2

n1
= g 1 − n 2

n 1

,0 = − n2

n1

which is an equality not involving the g's, and one that the monetary authority is powerless to

achieve. The rule " " in no way restricts g1g1 = − k
b

The point is that estimated reduced forms like (1) or (10) often have parameters that depend

partly on the way unobservable expectations of the public are correlated with the variables on the right

side of the equation, which in turn depends on the public's perception of how policymakers are

behaving. If the public's perceptions are accurate, then the way in which its expectations are formed

will change whenever policy changes, which will lead to changes in the parameters a and l of the

reduced-form equation. It is consequently improper to manipulate that reduced form as if its

parameters were invariant with respect to changes in g0 and g1. According to this argument, then, the

above "proof" of the inferiority of a rule without feedback is fallacious. The argument for the "look at

everything, respond to everything" view is correspondingly vitiated.
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The simple model above is one in which there is no scope for the authority to conduct

countercyclical policy by suitably choosing g0 and g1 so as to minimize the variance of y. Indeed, one

choice of the g's is as good as another, so far as concerns the variance of y, so that the authority might

as well set g1 equal to zero, thereby following a rule without feedback. It seems, then, that our

example contains the ingredients for constructing a more general defense of rules without feedback.

These ingredients are two: first, the authority's instrument appears in the reduced form for the real

variable y only as the discrepancy of the instrument's setting from the public's prior expectation of that

setting; and second, the public's psychological expectation of the setting for the instrument equals the

objective mathematical expectation conditioned on data available when the expectation was formed.

The first property in part reflects a homogeneity of degree zero of supply with respect to prices and

expected prices, the natural unemployment rate hypothesis. But it also derives partly from the second

property, which is the specification that the public's expectations are "rational," that is, are formed

using the appropriate data and objective probability distributions.

The natural rate hypothesis posits that fully anticipated increases in prices have no effects on the

rate of real economic activity, as indexed for example by the unemployment rate. A Phillips curve that

obeys the natural rate hypothesis can be written as

 (12)p t − p t − 1 = v0 + vU t +t−1 p t
& − p t−1 + et v1 < 0

or

(13)p t −t−1 p t
& = v0 + v1U t + et

where Ut is the unemployment rate, pt is the log of the price level,  is the log of the pricet−1p t
&

level that the public expects to prevail at time t as of time t-1, and et is a random term. According to

(12), the Phillips curve shifts up by the full amount of any increase in expected inflation. That implies,

as indicated by equation (13), that if inflation is fully anticipated, so that  =  then thep t t−1p t
&

unemployment rate is unaffected by the rate of inflation, since (13) becomes one equation,

0 = v0 + v1U t + e t

that is capable of determining the unemployment rate independently of the rate of inflation.

As Phelps (1972) and Hall (in press) have pointed out, in and of itself, the natural rate hypothesis

does not weaken the logical foundations for "activist" Keynesian macroeconomic  policy, i.e., rules with

feedback. This fact has prompted some to view the natural rate hypothesis as an intellectual curiosity,

having but remote policy implications. To illustrate, we complete the model by adding to (13) a reduced
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form aggregate demand schedule and an hypothesis about the formation of expectations. We subsume

"Okun's Law" in the former and assume it takes the form

   (14)p t = am t + bxt + cU t c > 0

where mt is the log of the money supply, the authority's instrument; and xt is a vector of

exogenous variables that follows the Markov scheme , ut being a vector of randomx t = dx t−1 +u t

variables. For price expectations, we posit the ad hoc, in general "irrational" scheme,

, (15)t−1P t
& = kp t−1

where l is a parameter. Using (13)-(15), we can easily solve for unemployment as a function of

mt and xt,

(16)Ut = [v0−a(mt −kmt−1)−b(xt−kxt−1)+cUt−1+e t]
(c−v1)

It follows that the current setting for mt affects both current and future values of unemployment

and inflation. Given that the authority wishes to minimize a loss function that depends on current and

future unemployment and perhaps inflation, the choice of mt is a nontrivial dynamic optimization

problem, the solution to which can often be characterized as a control rule with feedback. The optimal

policy rule will depend on all of the parameters of the model and on the parameters of the authority's

loss function. The policy problem in this context has been studied by Hall and Phelps. The authority

can improve the characteristics of the fluctuations in unemployment and inflation by setting m so as to

offset disturbances to the x's.

In this system, if the authority has a "humane" loss function that assigns regret to unemployment

and that discounts the future somewhat, the authority should to some extent exploit the trade-off

between inflation and unemployment implied by (14) and (16). As Hall (in press) has emphasized, the

authority is able to do this by fooling people:

“the benefits of inflation derive from the use of expansionary policy to trick economic

agents into behaving in socially preferable ways even though their behavior is not in
their own interests. . . . The gap between actual and expected inflation measures the

extent of the trickery. . . . The optimal policy is not nearly as expansionary when
expectations adjust rapidly, and most of the effect of an inflationary policy is

dissipated in costly anticipated inflation.”

Hall has pinpointed the source of the authority's power to manipulate the economy. This can be

seen by noting that removing the assumption that the authority can systematically trick the public

eliminates the implication that there is an exploitable trade-off between inflation and unemployment in
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any sense pertinent for making policy. The assumption that the public's expectations are rational" and

so equal to objective mathematical expectations accomplishes precisely this. Imposing rationality

amounts to discarding (15) and replacing it with

, (17)t−1p t
& = E t−1p t

where Et-1 is the mathematical expectation operator conditional on information known at the end

of period t-1. If (17) is used in place of (15), equation (16) must be replaced with4

(18)Ut = [a(mt−Et−1mt)+b(xt−Et−1xt)−et]

(v1−c)−
v0
v1

To solve the model for Ut, it is necessary to specify how the authority is behaving. Suppose we

assume that the authority uses the feedback rule,

, (19)m t = Gh t−1 + g t

where qt-1 is a set of observations on variables dated t-l and earlier, and ht is a serially

uncorrelated error term obeying ; G is a vector conformable with qt-1.E[g t |h t − 1] = 0

If the rule is (19) and expectations about m are rational, then

(20)E t−1m t = Em t|h t−1 = Gh t−1

since . So we haveE[g t |h t − 1] = 0

(21)m t − E t−1m t = g t

Substituting from (21) into (18) we have

(22)Ut = [agt + b(xt − Et − 1xt) − et]/(v − c) − v 0

v 1

Since the parameters C of the feedback rule don't appear in (22), we can conclude that the

probability distribution of unemployment is independent of the values chosen for G. The distribution of

the random, unpredictable component of m, which is h, influences the distribution of unemployment but

there is no way in which this fact provides any logical basis for employing a rule with feedback. The

h's have a place in (22) only because they are unpredictable noise. On the basis of the information in

qt-1, there is no way that the li's can be predicted, either by the authority or the public.

In this system, there is no sense in which the authority has the option to conduct countercyclical

policy. To exploit the Phillips curve, it must somehow trick the public. But by virtue of the assumption

that expectations are rational, there is no feedback rule that the authority can employ and expect to be
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able systematically to fool the public. This means that the authority cannot expect to exploit the Phillips

curve even for one period.

Thus, combining the natural rate hypothesis with the assumption that expectations are rational

transforms the former from a curiosity with perhaps remote policy implications into an hypothesis with

immediate and drastic implications about the feasibility of pursuing countercyclical policy.5

As indicated above, by a countercyclical policy we mean a rule with feedback from current and

past economic variables to the authority's instrument, as in a regime in which the authority "leans

against the wind." While the present model suggests reasons for questioning even the possibility of a

successful countercyclical policy aimed at improving the behavior of the unemployment rate or some

closely related index of aggregate activity, the model is compatible with the view that there is an

optimal rule for the monetary authority, albeit one that need incorporate no feedback. Such an optimal

rule could be determined by an analysis that determines the optimal rate of expected inflation, along

the lines of Bailey (1956) or Tobin (1968). If there is an optimal expected rate of inflation, it seems to

imply restrictions on the constant and trend terms (and maybe the coefficients on some slowly moving

exogenous variables like the labor force) of a rule for the money supply, but is not a cause for arguing

for a feedback rule from endogenous variables to the money supply. The optimal rate of inflation, if

there is one, thus has virtually no implications for the question of countercyclical policy. Furthermore,

there is hardly any theoretical agreement about what the optimal rate of expected inflation is, so that it

seems to be a weak reed for a control rule to lean on.

The simple models utilized above illustrate the implications of imposing the natural rate and

rational expectations hypotheses in interpreting the statistical correlations summarized by the reduced

forms of macroeconometric  models, reduced forms that capture the correlations between monetary

and fiscal variables on the one hand, and various real variables on the other hand. What is there to

recommend these two hypotheses? Ordinarily, we impose two requirements on an economic model:

first, that it be consistent with the theoretical core of economics-optimizing behavior within a coherent

general equilibrium framework; and second, that it not be refuted by observations. Empirical studies

have not turned up much evidence that would cause rejection at high confidence levels of models

incorporating our two hypotheses. Furthermore, models along these lines seem to be the only existing

ones consistent with individuals' maximizing behavior that are capable of rationalizing certain important

correlations, such as the Phillips curve, that exist in the data and are summarized by the reduced forms

of macroeconometric  models. The key feature of models that imply our hypotheses has been

described by Lucas (1973): "All formulations of the natural rate theory postulate rational agents, whose

decisions depend on relative prices only, placed in an economic setting in which they cannot distinguish
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relative from general price movements." Their inability separately to identify relative and overall

nominal price changes is what gives rise to reduced forms like (1). But their rationality implies that

only the surprise components of the aggregate demand variables enter. And this has the far-reaching

policy implications described above.

Several reasons can be given for using the hypotheses of rational expectations. An important one

is that it is consistent with the findings that large parts of macroeconometric  models typically fail tests

for structural change (essentially versions of Chow tests). As equation (10) illustrates, if expectations

are rational and properly take into account the way policy instruments and other exogenous variables

evolve, the coefficients in certain representations of the model (e.g., reduced forms) will change

whenever the processes governing those policy instruments and exogenous variables change. A major

impetus to work on rational expectations is thus that it offers one reason, but probably not the only

reason, that macro-econometric models fail tests for structural change. Indeed, the hypothesis of

rational expectations even offers some hope for explaining how certain representations of the model

change out of the sample.

A second reason for employing the hypothesis of rational expectations is that in estimating

econometric models it is a source of identifying restric tions. The usual method of modelling

expectations in macroeconometric  models--via  a distributed lag on the own variable--leaves it

impossible to sort out the scalar multiplying the public's expectations from the magnitude of the weights

in the distributed lag on own lags by which expectations are assumed to be formed. Therefore, the

coefficients on expectations are generally underidentified econometrically. The way out of this has

usually been to impose a unit sum on the distributed lag whereby expectations are formed. The

problem is that this is an ad hoc identifying restric tion with no economic reason to recommend it. It is

generally incompatible with the hypothesis of rational expectations, which can be used to supply an

alternative identifying restriction.

A third reason for using the rational expectations hypothesis is that it accords with the

economist's usual practice of assuming that people behave in their own best interests. This is not to

deny that some people are irrational and neurotic. But we have no reason to believe that those irra-

tionalities cause systematic and predictable deviations from rational behavior that a macroeconomist

can model and tell the monetary authority how to compensate for. In this regard, it should be noted

that the rational expectations hypothesis does not require that people's expectations equal conditional

mathematical expectations, only that they equal conditional mathematical expectations plus what may

be a very large random term (random with respect to the conditioning information). Thus we need only

assume, for example, that
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, (18a)t−1P t
& = E t−1p t + vt

where Et-1ft = 0, and ft is a random "mother-in-law" term allowing for what may be very large

random deviations from rationality. It is easy to verify that all of our results about countercyclical

policy go through when (18a) is assumed. Therefore, in the context of the natural rate hypothesis,

random deviations from perfectly rational expectations buy the monetary authority no leverage in

making countercyclical policy. To be able to conduct a countercyclical policy, there must be systematic

deviations from rational expectations which the monetary authority somehow knows about and can

predict.

A fourth reason for adopting the hypothesis of rational expectations is the value of the questions it

forces us to face. We must specify exactly the horizon over which the expectations are cast and what

variables people are assumed to see and when, things that most macroeconometric  models are silent

on. In doing policy analysis under rational expectations, we must specify whether a given movement in

a policy variable was foreseen beforehand or unforeseen, an old and important distinction in

economics, but one that makes no difference in the usual evaluations of policy made with

macroeconometric  models.

Although the imposition of the natural rate and rational expectations hypotheses on reduced-form

equations like (1) has allowed us to state some important results, such reasoning is no substitute for

analysis of the underlying microeconomic models. Manipulation of such reduced forms even under the

interpretation given by equations (7)-(9), which imposes the natural rate and rational expectations

hypotheses, can be misleading be-cause it leaves implicit some of the dependencies between

parameters and rules. (E.g., the "structure" consisting of [7]-[9] is itself a reduced form suggested by

Lucas [1973], some of whose parameters depend on the variance of et in [8].) Also, a welfare

analysis using such a model can be misleading because it requires adoption of an ad hoc welfare

criterion, like the "humane" loss function described above. In general, such a loss function is

inconsistent with the usual welfare criterion employed in models with optimizing agents--Pareto

optimality.

Finally, we want to take note of a very general implication of rationality that seems to present a

dilemma. Dynamic models that invoke rational expectations can be solved only by attributing to the

agents whose behavior is being described a way of forming views about the dynamic processes

governing the policy variables. Might it not be reasonable at times to attribute to them a systematically

incorrect view? Thus suppose an economy has been operating under one rule for a long time when

secretly a new rule is adopted. It would seem that people would learn the new rule only gradually as

they acquired data and that they would for some time make what from the viewpoint of the
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policymaker are forecastable  prediction errors. During this time, a new rule could be affecting real

variables.

A telling objection to this line of argument is that new rules are not adopted in a vacuum.

Something would cause the change-a change in administrations, new appointments, and so on.

Moreover, if rational agents live in a world in which rules can be and are changed, their behavior

should take into account such possibilities and should depend on the process generating the rule

changes. But invoking this kind of complete rationality seems to rule out normative economics

completely by, in effect, ruling out freedom for the policymaker. For in a model with completely

rational expectations, including a rich enough description of policy, it seems impossible to define a

sense in which there is any scope for discussing the optimal design of policy rules. That is because the

equilibrium values of the endogenous variables already reflect, in the proper way, the parameters

describing the authorities' prospective subsequent behavior, including the probability that this or that

proposal for reforming policy will be adopted.

Thus, suppose that a policy variable xt is described by the objective probability distribution

function,

, (23)Pr[xt+1 < F|Yt, Z t ] = G F, Yt, Z t;g1, ...gp

where Yt = [yt,yt-1,.. .] is a set of observations on current and past values of an endogenous

variable, or vector of endogenous variables y; and where Zt = [zt,zt-1,.. .] is a set of observations on

current and past values of a list of n exogenous variables and disturbances zit, i = 1,... , n. The proba-

bility distribution has p parameters g1, . . . , gp.

The probability distribution in (23) represents a very general description of the prospects about

policy. It obviously can describe a situation in which policy is governed by a deterministic feedback

rule, in which case the probability distribution collapses to a trivial one. The probability distribution in

(23) can also model the case in which the monetary authority follows a feedback rule with random

coefficients, coefficients that themselves obey some probability law. This situation is relevant where

the monetary authority might consider changing the feedback rule from time to time for one reason or

another. The probability distribution (23) can also model the case in which policy is in part simply

random. The parameters [g1,.. . ,gp] determine the probability function (23) and summarize all of the

factors making up the objective prospects for policy. Policy settings appear to be random drawings

from the distribution given in (23).

Now consider a rational expectations, structural model for yt leading to a reduced form,

COPY MADE  ON BEHALF OF U.W.S, UNDER THE
PROVISIONS OF SECTION 53B ON JUNE 20TH 1997

- 80 - Late Neoclassicism: Sargent & Wallace



(24)yt = h(xt, xt − 1, ¢,Z t ,E tyt + 1)

where Etyt+1 is the objective expectation of yt+1 conditioned on information observed up through

time t. The Zt's are assumed to obey some probability distribution functions ,

Pr[zt+1
1 < H1 , zt+1

2 < H2 , ...zt+1
n < Hn |Zt ]

= F[H1 ,H2 , ...,Hn ,Z t ]

A final form solution for the model is represented by an equation of the form

, (25)yt = v(xt, xt−1, ...,Z t, g)

with the property that

,Etyt + 1 = ¶¶ v((x t,xt−1, ..., Z t, g)dGdF

so that the expectation of yt+1 equals the prediction from the final form. The parameters g =

[g1,... ,gp] turn out to be parameters of the final form (25), which our notation is intended to

emphasize. Those parameters make their appearance in (25) via the process of eliminating Etyt+1

from (24) by expressing it in terms of the x's and Z's. The parameters of F also are embedded in f for

the same reason. That is, the function f must satisfy the equation,

v((xt, xt−1, ..., Z t,g) =

h xt ,xt−1, ..., Z t,¶¶ v((x t,xt−1, ..., Z t, g)dGdF

in which the parameters of F and G make their appearance by virtue of the integration with

respect to G and F.

The final form (25) formally resembles the final forms of the usual macroeconometric  models

without rational expectations. But there is a crucial difference, for in (25) there are no parameters that

the authority is free to choose. The parameters in the vector g describe the objective characteristics of

the policymaking process and cannot be changed. They capture all of the factors that determine the

prospects for policy. The authority in effect makes a random drawing of x from the distribution

described by (23). The persons on the committee and staffs that constitute the authority "matter" in the

sense that they influence the prospects about policy and so are represented by elements of g But the

authority has no freedom to influence the parameters of the final form (23), since the objective pros-

pects that it will act wisely or foolishly are known to the public and are properly embedded in the final

form (25).
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The conundrum facing the economist can be put as follows. In order for a model to have

normative implications, it must contain some parameters whose values can be chosen by the

policymaker. But if these can be chosen, rational agents will not view them as fixed and will make use

of schemes for predicting their values. If the economist models the economy taking these schemes into

account, then those parameters become endogenous variables and no longer appear in the

reduced-form equations for the other endogenous variables. If he models the economy without taking

the schemes into account, he is not imposing rationality.
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THE LAWS OF RETURNS UNDER
COMPETITIVE CONDITIONS(1)
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DECEMBER, 1926

A STRIKING feature of the present position
of economic science is the almost unanimous
agreement at which economists have arrived
regarding the theory of competitive value, which
is inspired by the fundamental symmetry existing
between the forces of demand and those of
supply, and is based upon the assumption that
the essential causes determining the price of
particular commodities may be simplified and
grouped together so as to be represented by a
pair of intersecting curves of collective demand
and supply. This state of things is in such
marked contrast with the controversies on the
theory of value by which political economy was
characterised during the past century, that it
might almost be thought that from these clashes
of thought the spark of an ultimate truth had at
length been struck. Sceptics might perhaps
think that the agreement in question is due, not
so much to everyone being convinced, as to the
indifference felt by the majority nowadays in
regard to the theory of value--an indifference
which is justified by the fact that this theory,
more than any other part of economic theory,
has lost much of its direct bearing upon
practical politics, and particularly in regard to
doctrines of social changes, which had formerly
been conferred upon it by Ricardo and
afterwards by Marx, and in opposition to them
by the bourgeois economists. It has been
transformed more and more into "an apparatus
of the mind, a technique of thinking" which does
not furnish any "settled conclusions immediately
applicable to policy."(2) It is essentially a
pedagogic instrument, somewhat like the study
of the classics, and, unlike the study of the
exact sciences and law, its purposes are

exclusively those of training the mind, for which
reason it is hardly apt to excite the passions of
men, even academical men--a theory, in short,
in respect to which it is not worth while
departing from a tradition which is finally
accepted. However this may be, the fact of the
agreement remains.

In the tranquil view which the modern theory
of value presents us there is one dark spot
which disturbs the harmony of the whole. This
is represented by the supply curve, based upon
the laws of increasing and diminishing returns.
That its foundations are less solid than those of
the other portions of the structure is generally
recognised. That they are actually so weak as
to be unable to support the weight imposed
upon them is a doubt which slumbers beneath
the consciousness of many, but which most
succeed in silently suppressing. From time to
time someone is unable any longer to resist the
pressure of his doubts and expresses them
openly; then, in order to prevent the scandal
spreading, he is promptly silenced, frequently
with some concessions and partial admission of
his objections, which, naturally, the theory had
implicitly taken into account. And so, with the
lapse of time, the qualifications, the restrictions
and the exceptions have piled up, and have
eaten up, if not all, certainly the greater part of
the theory. If their aggregate effect is not at
once apparent, this is because they are
scattered about in footnotes and articles and
carefully segregated from one another.

It is not the purpose of this article to add
anything to the pile, but simply to attempt to
co-ordinate certain materials, separating what is
still alive from what is dead in the concept of
the supply curve and of its effects on
competitive price determination.

At present the laws of returns are of special
importance owing to the part they play in the
study of the problem of value. But they are
naturally much older than the particular theory
of value in which they are employed, and it is
precisely from their secular age and their
original applications that they derive both their
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prestige and their weakness in their modem
application. We are disposed to accept the
laws of returns as a matter of course, because
we have before our eyes the great and
indisputable services rendered by them when
performing their ancient function, and we often
neglect to ask ourselves whether the old barrels
are still able to hold the new wine.

The law of diminishing returns has long been
associated mainly with the problem of rent, and
from this point of view the law as formulated by
the classical economists with reference to land
was entirely adequate. It had always been
perfectly obvious that its operation affected, not
merely rent, but also the cost of the product;
but this was not emphasised as a cause of
variation in the relative price of the individual
commodities produced, because the operation
of diminishing returns increased in a like
measure the cost of all. This remained true even
when the English classical economists applied
the law to the production of corn, for, as
Marshall has shown, "the term 'corn' was used
by them as short for agricultural produce in
general" (Principles, Vl. i. 2, note).

The position occupied in classical economics
by the law of increasing returns was much less
prominent, as it was regarded merely as an
important aspect of the division of labour, and
thus rather as a result of general economic
progress than of an increase in the scale of
production.

The result was that in the original laws of
returns the general idea of a functional
connection between cost and quantity
produced was not given a conspicuous place; it
appears, in fact, to have been present in the
minds of the classical economists much less
prominently than was the connection between
demand and demand price.

The development which has emphasised the
former aspect of the laws of returns is
comparatively recent. At the same time it has
removed both laws from the positions which,
according to the traditional partition of political
economy, they used to occupy, one under the

heading of "distribution " and the other under
"production," and has transferred them to the
chapter of "exchange-value"; there, merging
them in the single "law of non-proportional
returns," it has derived from them a law of
supply in a market such as can be co-ordinated
with the corresponding law of demand; and on
the symmetry of these two opposite forces it
has based the modern theory of value.

In order to reach this result it was found
necessary to introduce certain modifications
into the form of the two laws. Very little was
necessary as regards the law of diminishing
returns, which merely required to be
generalised from the particular case of land to
every case in which there existed a factor of
production of which only a constant quantity
was available. The law of increasing returns,
however, had to be subjected to a much more
radical transformation: the part played in it by
the division of labour--now limited to the case
of independent subsidiary factories coming into
existence as the production of an industry
increases--was greatly restricted; while
consideration of that greater internal division of
labour, which is rendered possible by an
increase in the dimensions of an individual firm,
was entirely abandoned, as it was seen to be
incompatible with competitive conditions. On
the other hand, the importance of "external
economies" was more and more
emphasised--that is, of the advantage derived
by individual producers from the growth, not of
their own individual undertakings, but of the
industry in its aggregate.

Even in their present form, however, the two.
laws have preserved the characteristic of
originating from forces of profoundly diverse
nature. Such heterogeneousness, while not
constituting in itself an insurmountable obstacle
when it is attempted to coordinate them and
employ them conjointly in problems mainly
relating, not to the causes, but to the effects of
variations in cost, involves a fresh difficulty
when it is sought to classify the various
industries according as they belong to one or
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the other category. It is, in fact, in the very
nature of the bases of the two laws that the
wider the definition which we assume for "an
industry" that is, the more nearly it includes all
the undertakings which employ a given factor of
production, as, for example, agriculture or the
iron industry--the more probable will it be that
the forces which make for diminishing returns
will play an important part in it; the more
restrictive this definition--the more nearly it
includes, therefore, only those undertakings
which produce a given type of consumable
commodity, as, for example, fruit or nails--the
greater will be the probability that the forces
which make for increasing returns will
predominate in it. In its effects this difficulty is
parallel to that which, as is well known, arises
from the consideration of the element of time,
whereby the shorter the period of time allowed
for the adjustments, the greater is the likelihood
of decreasing returns, while the longer that
period is, the greater is the probability of
increasing returns.

The really serious difficulties make their
appearance when it is considered to what
extent the supply curves based on the laws of
returns satisfy the conditions necessary to
enable them to be employed in the study of the
equilibrium value of single commodities
produced under competitive conditions. This
point of view assumes that the conditions of
production and the demand for a commodity
can be considered, in respect to small
variations, as being practically independent,
both in regard to each other and in relation to
the supply and demand of all other
commodities. It is well known that such an
assumption would not be illegitimate merely
because the independence may not be
absolutely perfect, as, in fact, it never can be;
and a slight degree of interdependence may be
overlooked without disadvantage if it applies to
quantities of the second order of smalls, as
would be the case if the effect (for example, an
increase of cost) of a variation in the industry
which we propose to isolate were to react

partially on the price of the products of other
industries, and this latter effect were to influence
the demand for the product of the first industry.
But, of course, it is a very different matter, and
the assumption becomes illegitimate, when a
variation in the quantity produced by the
industry under consideration sets up a force
which acts directly, not merely upon its own
costs, but also upon the costs of other
industries; in such a case the conditions of the
"particular equilibrium" which it was intended to
isolate are upset, and it is no longer possible,
without contradiction, to neglect collateral
effects.

It unfortunately happens that it is precisely into
this latter category that the applications of the
laws of returns fall, in the great majority of
cases. As regards diminishing returns, in fact, if
in the production of a particular commodity a
considerable part of a factor is employed, the
total amount of which is fixed or can be
increased only at a more than proportional cost,
a small increase in the production of the
commodity will necessitate a more intense
utilisation of that factor, and this will affect in the
same manner the cost of the commodity in
question and the cost of the other commodities
into the production of which that factor enters;
and since commodities into the production of
which a common special factor enters are
frequently, to a certain extent, substitutes for
one another (for example, various kinds of
agricultural produce), the modification in their
price will not be without appreciable effects
upon demand in the industry concerned. If we
next take an industry which employs only a
small pert of the "constant factor " (which
appears more appropriate for the study of the
particular equilibrium of a single industry), we
find that a (small) increase in its production is
generally met much more by drawing "marginal
doses" of the constant factor from other
industries than by intensifying its own utilisation
of it; thus the increase in cost will be practically
negligible, and anyhow it will still operate in a
like degree upon all the industries of the group,
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Excluding these cases, and excluding--if we
take a point of view embracing long
periods--the numerous cases in which the
quantity of a means of production may be
regarded as being only temporarily fixed in
respect to an unexpected demand, very little
remains: the imposing structure of diminishing
returns is available only for the study of that
minute class of commodities in the production
of which the whole of a factor of production is
employed. Here, of course, by "a commodity"
is to be understood an article in regard to which
it is possible to construct, or at least to
conceive, a demand schedule which is tolerably
homogeneous and independent of the
conditions of supply, and not, as is frequently
implied, a collection of diverse articles, such as
agricultural products or ironware.

It is not by mere chance that, notwithstanding
the profoundly diverse nature of the two laws of
returns, the same difficulties also arise, in almost
identical form, in connection with increasing
returns. Here again we find that in reality the
economies of production on a large scale are
not suitable for the requirements of the supply
curve: their field of action is either wider or
more restricted than would be necessary. On
the one hand, reductions in cost which are due
to "those external economies which result from
the general progress of industrial environment "
to which Marshall refers (Principles, V. xi. 1)
must, of course, be ignored, as they are clearly
incompatible with the conditions of the
particular equilibrium of a commodity. On the
other hand, reductions in cost connected with
an increase in a firm's scale of production;
arising from internal economies or from the
possibility of distributing the overhead charges
over a larger number of product units, must be
put aside as being incompatible with
competitive conditions. The only economies
which could be taken into consideration would
be such as occupy an intermediate position
between these two extremes; but it is just in the
middle that nothing, or almost nothing, is to be
found. Those economies which are external

from the point of view of the individual firm, but
internal as regards the industry in its aggregate,
constitute precisely the class which is most
seldom to be met with. As Marshall has said in
the work in which he has intended to approach
most closely the actual conditions of industry,
"the economics of production on a large scale
can seldom be allocated exactly to any one
industry: they are in great measure attached to
groups, often large groups, of correlated
industries."(3) In any case, in so far as external
economies of the kind in question exist, they are
not likely to be called forth by small increases in
production. Thus it appears that supply curves
showing decreasing costs are not to be found
more frequently than their opposite.

Reduced within such restricted limits, the
supply schedule with variable costs cannot
claim to be a general conception applicable to
normal industries; it can prove a useful
instrument only in regard to such exceptional
industries as can reasonably satisfy its
conditions. In normal cases the cost of
production of commodities produced
competitively--as we are not entitled to take
into consideration the causes which may make
it rise or fall--must be regarded as constant in
respect of small variation in the quantity
produced.(4) And so, as a simple way of
approaching the problem of competitive value,
the old and now obsolete theory which makes it
dependent on the cost of production alone
appears to hold its ground as the best available.

This first approximation, as far as it goes, is as
important as it is useful: it emphasises the
fundamental factor, namely, the predominant
influence of cost of production in the
determination of the normal value of
commodities, while at the same time it does not
lead us astray when we desire to study in
greater detail the conditions under which
exchange takes place in particular cases, for it
does not conceal from us the fact that we
cannot find the elements required for this
purpose within the limits of its assumptions.
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When we proceed to a further approximation,
while keeping to the path of free competition,
the complications do not arise gradually, as
would be convenient; they present themselves
simultaneously as a whole. If diminishing returns
arising from a "constant factor" are taken into
consideration, it becomes necessary to extend
the field of investigation so as to examine the
conditions of simultaneous equilibrium in
numerous industries: a well-known conception,
whose complexity, however, prevents it from
bearing fruit, at least in the present state of our
knowledge, which does not permit of even
much simpler schemata being applied to the
study of real conditions. If we pass to external
economics, we find ourselves confronted by the
same obstacle, and there is also the
impossibility of confining within statical
conditions the circumstances from which they
originate.

It is necessary, therefore, to abandon the path
of free competition and turn in the opposite
direction, namely, towards monopoly. Here we
find a well-defined theory in which variations of
cost connected with changes in the dimensions
of the individual undertaking play an important
part. Of course, when we are supplied with
theories in respect to the two extreme cases of
monopoly and competition as part of the
equipment required in order to undertake the
study of the actual conditions in the different
industries, we are warned that these generally
do not fit exactly one or other of the categories,
but will be found scattered along the
intermediate zone, and that the nature of an
industry will approximate more closely to the
monopolist or the competitive system according
to its particular circumstances, such as whether
the number of autonomous undertakings in it is
larger or smaller, or whether or not they are
bound together by partial agreements, etc. We
are thus led to believe that when production is
in the hands of a large number of concerns
entirely independent of one another as regards
control, the conclusion proper to competition
may be applied even if the market in which the

goods are exchanged is not absolutely perfect,
for its imperfections are in general constituted
by frictions which may simply retard or slightly
modify the effects of the active forces of
competition, but which the latter ultimately
succeed in substantially overcoming. This view
appears to be fundamentally inadmissible.
Many of the obstacles which break up that
unity of the market which is the essential
condition of competition are not of the nature of
"frictions," but are themselves active forces
which produce permanent and even cumulative
effects. They are frequently, moreover,
endowed with sufficient stability to enable them
to be made the subject of analysis based on
statical assumptions.

Of these effects two, which are closely
interconnected, are of special importance
because they are to be found with great
frequency in industries in which competitive
conditions appear to prevail; and they also
possess a special interest because, as they
relate to certain of the most characteristic
features of the theoretical conception of
competition, they show how seldom it is for
these conditions to be realised in their integrity,
and how a slight divergence from them suffices
to render the manner in which equilibrium is
attained extremely similar to that peculiar to
monopoly. These two points in which the
theory of competition differs radically from the
actual state of things which is most general are:
first, the idea that the competing producer
cannot deliberately affect the market prices,
and that he may therefore regard it as constant
whatever the quantity of goods which he
individually may throw on the market; second,
the idea that each competing producer
necessarily produces normally in circumstances
of individual increasing costs.

Everyday experience shows that a very large
number of undertakings--and the majority of
those which produce manufactured consumers'
goods--work under condition of individual
diminishing costs. Almost any producer of such
goods, if he could rely upon the market in
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which he sells his products being prepared to
take any quantity of them from him at the
current price, without any trouble on his part
except that of producing them, would extend
his business enormously. It is not easy, in times
of normal activity, to find an undertaking which
systematically restricts its own production to an
amount less than that which it could sell at the
current price, and which is at the same time
prevented by competition from exceeding that
price. Business men, who regard themselves as
being subject to competitive conditions, would
consider absurd the assertion that the limit to
their production is to be found in the internal
conditions of production in their firm, which do
not permit of the production of a greater
quantity without an increase in cost. The chief
obstacle against which they have to contend
when they want gradually to increase their
production does not lie in the cost of
production--which, indeed, generally favours
them in that direction--but in the difficulty of
selling the larger quantity of goods without
reducing the price, or without having to face
increased marketing expenses. This necessity of
reducing prices in order to sell a larger quantity
of one's own product is only an aspect of the
usual descending demand curve, with the
difference that instead of concerning the whole
of a commodity, whatever its origin, it relates
only to the goods produced by a particular firm;
and the marketing expenses necessary for the
extension of its market are merely costly efforts
(in the form of advertising, commercial
travellers, facilities to customers, etc.) to
increase the willingness of the market to buy
from it--that is, to raise that demand curve
artificially.

This method of regarding the matter appears
the most natural, and that which adheres to the
reality of things. No doubt it is possible, from
the formal point of view, to reverse these
relations and regard every purchaser as being
perfectly indifferent in his choice between the
different producers, provided the latter, in order
to approach him, are prepared to incur

marketing expenses varying greatly in different
cases, and to reckon these increased marketing
expenses in the cost of production of each. In
this way increasing individual costs can be
obtained to any desired extent and a perfect
market in which there is an unlimited demand,
at current prices, for the products of each. But
the question of allocating the marketing
expenses cannot be decided from the point of
view of formal correctness, for on that basis the
two methods are equivalent; nor can it be
decided according to the fact that these charges
are actually paid by the purchaser or the seller,
as this does not affect their incidence or their
effects in any way. What is important is to
ascertain how the various forces at work can
be grouped in the most homogeneous manner,
so that the influence of each of them on the
equilibrium resulting from their opposition may
be more readily estimated. From this point of
view the second of the methods mentioned
must be rejected, since it entirely conceals the
effects which the circumstances from which the
marketing expenses originate exercise in
disturbing the unity of the market. It alters in a
misleading way, moreover, the customary and
well defined significance of the expression "cost
of production," with the result of rendering it
dependent upon elements quite extraneous to
the conditions under which the production of a
given undertaking takes place. It consequently
misrepresents the manner in which the actual
process of determining the price and the
quantity produced by each undertaking is
affected.

By adhering to the first point of view,
therefore, we are led to ascribe the correct
measure of importance to the chief obstacle
which hinders the free play of competition, even
where this appears to predominate, and which
at the same time renders a stable equilibrium
possible even when the supply curve for the
products of each individual firm is
descending--that is, the absence of indifference
on the part of the buyers of goods as between
the different producers. The causes of the
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preference shown by any group of buyers for a
particular firm are of the most diverse nature,
and may range from long custom, personal
acquaintance, confidence in the quality of the
product, proximity, knowledge of particular
requirements and the possibility of obtaining
credit, to the reputation of a trade-mark, or
sign, or a name with high traditions, or to such
special features of modelling or design in the
product as--without constituting it a distinct
commodity intended for the satisfaction of
particular needs--have for their principal
purpose that of distinguishing it from the
products of other firms. What these and the
many other possible reasons for preference
have in common is that they are expressed in a
willingness (which may frequently be dictated
by necessity) on the part of the group of buyers
who constitute a firm's clientele to pay, if
necessary, something extra in order to obtain
the goods from a particular firm rather than
from any other.

When each of the firms producing a
commodity is in such a position the general
market for the commodity is subdivided into a
series of distinct markets. Any firm which
endeavours to extend beyond its own market
by invading those of its competitors must incur
heavy marketing expenses in order to surmount
the barriers by which they are surrounded; but,
on the other hand, within its own market and
under the protection of its own barrier, each
enjoys a privileged position whereby it obtains
advantages which--if not in extent, at least in
their nature--are equal to those enjoyed by the
ordinary monopolist.

Nor is it necessary to stretch the customary
conception of monopoly to make this case fit
into it. In it also, in fact, we find that the
majority of the circumstances which affect the
strength of a monopolist (such as the
possession of unique natural resources, legal
privileges, the control of a greater or less
proportion of the total production, the existence
of rival commodities, etc.) exercise their
influence essentially by affecting the elasticity of

the demand for the monopolised goods.
Whatever the causes may be, this is the only
decisive factor in estimating the degree of
independence which a monopolist has in fixing
prices: the less elastic the demand for his
product, the greater is his hold on his market.
The extreme case, which may properly be
called "absolute monopoly," is that in which the
elasticity of the demand for the products of a
firm is equal to unity(5); in that case, however
much the monopolist raises his prices, the sums
periodically expended in purchasing his goods
are not even partially diverted into different
channels of expenditure, and his price policy
will not be affected at all by the fear of
competition from other sources of supply. So
soon as this elasticity increases, competition
begins to make itself felt, and becomes ever
more intense as the elasticity grows, until to
infinite elasticity in the demand for the products
of an individual undertaking a state of perfect
competition corresponds. In the intermediate
cases the significance of a moderate elasticity in
the demand is that, although the monopolist has
a certain freedom in fixing his prices, whenever
he increases them he is forsaken by a portion of
his purchasers, who prefer to spend their
money in some other manner. It matters little to
the monopolist if they spend it in purchasing
goods very different from his own, or goods
identical with them, but supplied by other
producers who have not increased their price;
in either case he must undergo--if only in a
slight degree--actual competition from such
goods, since it is precisely the possibility of
buying them that leads the purchasers gradually
to give up using his product as he increases the
price. The direct effects are thus equal whether
the sums set free as the result of an increase in
price by an undertaking are expended on a
large number of different commodities, or
whether they are employed preponderatingly in
the purchase of one or a few rival commodities
which are more or less available for buyers, as
occurs in the case of an undertaking which,
while controlling only a small part of the total
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production of a commodity has the advantage
of possessing a particular market of its own.
But the indirect effects in the two cases are
substantially different.

The method indicated by Marshall in regard to
manufactures designed for particular tastes is
applicable for the study of this latter case.
"When we are considering an individual
producer," he writes, "we must couple his
supply curve, not with the general demand
curve for his commodity in a wide market, but
with the particular demand curve of his own
special market " (Principles, V. xii. 2). If we
extend this method to those industries in which
each firm has more or less a particular market,
we must not restrict its employment to the
occasions when we are considering the
individual producer, but we must adhere to it
also when we examine the manner in which
equilibrium is attained in the trade as a whole;
for it is clear that such particular curves can by
no means be compounded so as to form a
single pair of collective demand and supply
curves. The method mentioned above is the
very same as that followed in cases of ordinary
monopoly, and in both cases, in fact, the
individual producer determines his selling price
by the well-known method which makes his
monopoly revenue or his profits the maximum
obtainable.

The peculiarity of the case of the firm which
does not possess an actual monopoly but has
merely a particular market is that, in the
demand schedule for the goods produced by it,
the possible buyers are entered in descending
order according to the price which each of
them is prepared to pay, not rather than go
entirely without, but rather than not buy it from
that particular producer instead of elsewhere.
That is to say, that two elements enter into the
composition of such demand prices--the price
at which the goods can be purchased from
those other producers who, in the order of a
purchaser's preference, immediately follow the
producer under consideration, and the
monetary measure of the value (a quantity

which may be positive or negative) which the
purchaser puts on his preference for the
products of the firm in question.

For convenience in discussion it may be
assumed that initially, in an industry in which like
conditions prevail, each producer sells at a
price which barely covers his costs. The
individual interest of each producer will urge
him to increase his price quickly so as to obtain
the maximum profit. But in proportion as this
practice spreads throughout the trade the
various demand schedules will be modified as a
result; for, as each buyer finds that the prices of
the substitutes upon which he was able to
reckon are increased, he will be inclined to pay
a higher price for the products of the firm
whose customer he is. So that, even before the
first increase in price has been completely
carried into effect, the conditions will be
created which may permit every one of the
concerns to make a further increase--and so on
in succession. Naturally this process speedily
reaches its limit. The customers lost by a firm
whenever it raises its prices have recourse in
part to other suppliers, and these will return to it
when the others also have raised their prices;
but in part they entirely give up buying the
goods and definitely drop out of the market.
Thus, every business has two classes of
marginal customers--those who are at the
margin only from its own individual standpoint
and fix a limit for the excess of its prices over
the prices generally ruling, and those who are at
the margin from the standpoint of the general
market and fix a limit for the general increase in
price of the product.

It is, of course, possible that a general rise in
the prices of a product may affect the
conditions of demand and supply of certain
firms in such a way as to make it advantageous
for them to lower their prices rather than
conform with the rise. But in an industry which
has attained a certain degree of stability in its
general structure, in regard of its methods of
production, the number of undertakings
composing it, and its commercial customs--in
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respect to which, therefore, statical assumptions
are more nearly justified--this alternative is
much less likely to be adopted than its
opposite. In the first place, it involves great
elasticity in the demand for the products of an
individual business and rapidly diminishing costs
for it--that is to say, a state of things the almost
inevitable and speedy result of which is
complete monopolisation, and which, therefore,
is not likely to be found in a trade operated
normally by a number of independent firms. In
the second place, the forces which impel
producers to raise prices are much more
effective than those which impel them to reduce
them; and this not merely owing to the fear
which every seller has of spoiling his market,
but mainly because an increase of profit
secured by means of a cut in price is obtained
at the cost of the competing firms, and
consequently it impels them to take such
defensive action as may jeopardise the greater
profits secured; whereas an increase of profit
obtained by means of a rise in prices not only
does not injure competitors but brings them a
positive gain, and it may therefore be regarded
as having been more durably acquired. An
undertaking, therefore, when confronted with
the dual possibility of increasing its profits by
raising its selling prices, or by reducing them,
will generally adopt the first alternative unless
the additional profits expected from the second
are considerably greater.

These same reasons may serve to dispel the
doubt, which might at first sight arise, whether
in the case considered above the equilibrium
may be indeterminate, as it is generally
considered to be in the analogous case of
multiple monopoly. In the first place, even in
this case, as Edgeworth has noticed, "the extent
of indeterminateness' diminishes with the
diminution of the degree of correlation between
the articles" produced by the different
monopolies(6); that is to say, in our case, with
the diminution of the elasticity of demand for the
products of the individual firm--a limitation, it
may be added, the effectiveness of which is the

greater in proportion as the rapidity of decrease
in the individual cost with the increase in the
quantity produced becomes less. Both these
conditions, as has been said above, are
generally present to a large extent in the case
we are considering. Moreover, the
indeterminateness of the equilibrium in the case
of multiple monopoly is necessarily dependent
upon the assumption that at any moment each
of the monopolises is equally inclined either to
raise or to reduce his price, according as one or
the other may suit him best from the point of
view of immediate gain--a supposition which, at
least in our case, is not, as we have said,
justified.(7) 

The conclusion that the equilibrium is in
general determinate does not mean that
generalising statements can be made regarding
the price corresponding to that equilibrium; it
may be different in the case of each
undertaking, and is dependent to a great extent
upon the special conditions affecting it.

The only case in which it would be possible to
speak of a general price would be that of a
trade in which the productive organisation of
the different undertakings was uniform, and in
which their particular markets were alike as
regards the nature and attachment of the
customers. In that case, as may readily be seen,
the general price of the product, through the
independent action of a number of firms, each
of which is prompted only by its individual
interests, would tend to reach the same level as
that which would be fixed by a single
monopolistic association in accordance with the
ordinary principles of monopoly. This result, far
from being conditioned by the existence of an
almost complete isolation of the individual
markets, requires only a very slight degree of
preference for a particular firm in each of the
groups of customers. In itself, this case is of no
importance, because it is extremely unlikely that
such uniformity would actually be found; but it
is representative of a tendency, which prevails
even in actual cases where the conditions of the
various undertakings differ among each other,
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whereby the cumulative action of slight
obstacles to competition produces on prices
effects which approximate to those of
monopoly.

It should be noted that in the foregoing the
disturbing influence exercised by the
competition of new firms attracted to an
industry the conditions of which permit of high
monopolist profits has been neglected. This
appeared justified, in the first place because the
entrance of newcomers is frequently hindered
by the heavy expenses necessary for setting up
a connection in a trade in which the existing
firms have an established goodwill--expenses
which may often exceed the capital value of the
profits obtainable; in the second place, this
element can acquire importance only when the
monopoly profits in a trade are considerably
above the normal level of profits in the trade in
general, which, however, does not prevent the
prices from being determined up to that point in
the manner which has been indicated.

It might seem, moreover, that the importance
of the marketing difficulties as a limit to the
development of the productive unit has been
over-estimated as compared with the effect in
the same direction exercised by the more than
proportionate increase in the expenditure which
a firm must sometimes incur in order to furnish
itself with the additional means of production
which it requires; but it will generally be found
that such increases in costs are an effect, and
not a determining cause, of the market
conditions which render it necessary or
desirable for a firm to restrict its production.
Thus, the limited credit of many firms, which
does not permit any one of them to obtain more
than a limited amount of capital at the current
rate of interest, is often a direct consequence of
its being known that a given firm is unable to
increase its sales outside its own particular
market without incurring heavy marketing
expenses. If it were known that a firm which is
in a position to produce an increased quantity
of goods at a lower cost is also in a position to
sell them without difficulty at a constant price,

such a firm could encounter no obstacle in a
free capital market. On the other hand, if a
banker, or the owner of land on which a firm
proposes to extend its own plant, or any other
supplier of the firm's means of production,
stands in a privileged position in respect to it, he
can certainly exact from it a price higher than
the current price for his supplies, but this
possibility will still be a direct consequence of
the fact that such a firm, being in its turn in a
privileged position in regard to its particular
market, also sells its products at prices above
cost. What happens in such cases is that a
portion of its monopoly profits are taken away
from the firm, not that its cost of production is
increased.

But these are mainly aspects of the process of
diffusion of profits throughout the various stages
of production and of the process of forming a
normal level of profits throughout all the
industries of a country. Their influence on the
formation of the prices of single commodities is
relatively unimportant, and their consideration is
therefore beyond the scope of this article.

PIERO SRAFFA
Source: Economic Journal No 144 -- Vol.

XXXVI pp. 535-550.
1. The opening pages of this article contain a

summary of the conclusions of a paper on
"Relazioni fra costo e quantita prodetta "
published in Vol. II. of the Annali di Economia. 

2. Keynes: Introduction to Cambridge
Economics Handbooks. 

3. Industry and Trade, p. 188. 
4. The absence of causes which tend to cause

the cost either to increase or diminish appears
to be the most obvious and plausible way from
which constant costs can arise. But as these
constitute the most dangerous enemy of the
symmetry between demand and supply, those
writers who accept this doctrine, in order to be
able to relegate the constant costs to the
category of theoretical limiting cases which in
reality cannot exist, have persuaded themselves
that they are something extremely complicated
and improbable, since they "can only result
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from the accidental balancing of two opposite
tendencies; the tendency to diminution of
cost… and the tendency to increase of cost …"
(Sidgwick, Principles of Political Economy, 1st
ed., p. 207; to the same effect see, e.g.,
Marshall, Principles, IV. xiii, 2, and Palgrave's
Dictionary, sub voce Law of Constant Return).
The dictum of Edgeworth, that "to treat
variables as constants is the characteristic vice
of the unmathematical economist," might today
be reversed: the mathematical economists have
gone so far in correcting this vice that they can
no longer conceive of a constant except as the
result of the compensation of two equal and
opposite variables. 

5. The elasticity of demand for the products of
a monopolist cannot, of course, be less than
unity in respect to prices immediately above the
equilibrium price-- that is, in respect to that part
of the demand curve which alone counts in
regard to the determination of the power of a
monopolist in his own market; a question which

is quite distinct from that of the magnitude of the
gains obtainable by the monopoly, as the latter
is dependent, not so much on the ratio of
change, as on the absolute measure of the
demand and the demand price. 

6. The Pure Theory of Monopoly, in Papers
Relating to P. E., Vol. 1. p. 121. 

7. The determinateness of the equilibrium
would be more evident if, instead of regarding
the various units of the same goods produced
by different undertakings as rival commodities,
we had regarded each unit as being composed
of two commodities having, within each
particular market, a joint demand, one of which
(the commodity itself) is sold under competitive
conditions, and the other (the special services,
or the distinguishing features added to it by
each producer) is sold under monopolistic
conditions. This point of view, however, is
more artificial and less in conformity with the
customary method of regarding the matter.

COPY MADE  ON BEHALF OF U.W.S, UNDER THE PROVISIONS OF
SECTION 53B ON JUNE 20TH 1997

Diminishing Marginal Productivity: Sraffa 1926 - 94 -



Piero Sraffa

Production of Commodities by
Means of Commodities: Prelude to a
critique of Economic Theory

CHAPTER I: 

PRODUCTION FOR SUBSISTENCE

Let us consider an extremely simple society
which produces just enough to maintain itself.
Commodities are produced by separate
industries and are exchanged for one another at
a market held after the harvest.

Suppose at first that only two commodities
are produced, wheat and iron. Both are used,
in part as sustenance for those who work, and
for the rest as means of production-wheat as
seed, and iron in the form of tools. Suppose
that, all in all, and including the necessaries for
the workers, 280 quarters of wheat and 12
tons of iron are used to produce 400 quarters
of wheat; while 120 quarters of wheat and 8
tons of iron are used to produce 20 tons of
iron. A year's operations can be tabulated as
follows:

280 qr. wheat +12 t. iron  400 qr. wheatd
120 qr. wheat + 8 t. iron   20 t. iron.d
Nothing has been added by production to the

possessions of society as a whole: 400 qr. of
wheat and 20 t. of iron have been used up in
the aggregate and the same quantities are
produced. But each commodity, which initially
was distributed between the industries ac-
cording to their needs, is found at the end of the
year to be entirely concentrated in the hands of
its producer.

(We shall call these relations 'the methods of
production and productive consumption', or,
for short, the methods- of production.)

There is a unique set of exchange-values
which if adopted by the market restores the
original distribution of the products and makes
it possible for the process to be repeated; such
values spring directly from the methods of

production. In the particular example we have
taken) the exchange-value required is 10 qr. of
wheat for 1 t. of iron.

2 The same applies to three commodities,
or indeed to any number. Adding as a third
product pigs:

240 qr. wheat + 12 t. iron + 18 pigs 
 450 qr. wheatd

90 qr. wheat + 6 t. iron + l2pigs 
  21 t. irond
l20qr.wheat+ 3t.iron+30pigs
  60pigsd
The exchange-values which ensure

replacement all round are 10 qr. wheat = 1 t.
iron = 2 pigs.

It may be noticed that, while in the
two-industry system the amount of iron used in
wheat-growing was necessarily of the same
value as the amount of wheat used in
iron-making, this, when there are three or more
products, is no longer necessarily true of any
pair of them. Thus in the last example there is
no such equality and replacement can only be
effected through triangular trade.

3 To restate the position in general terms,
we have the commodities 'a', 'b', ..., 'k', each of
which is produced by a separate industry.

We call A the quantity annually produced of
'a'; B the similar quantity of 'b'; and so on.

We also call Aa, Ba, ..., Ka the quantities of
'a', 'b', ..., 'k' annually used by the industry
which produces A; and Ab, Bb, , Kb the¢
corresponding quantities used for producing B;
and so on.

All these represent known quantities. The
unknowns to be determined are pa, pb ..., pk,
respectively the values of units of the com-
modities 'a', 'b', ..., 'k' which if adopted restore
the initial position.

The conditions of production now appear as
follows:

Aapa + Bapb +¢ + Kap k = Apa

Abpa + Bbpb +¢ + Kbp k = Bpb

§ §
Akpa + Bkpb +¢ + Kkp k = Kp k
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where, since the system is assumed to be in a
self-replacing state, ; Aa +Ab + ¢ + Ak = A

; ; and .Ba +Bb + ¢ + Bk ¢ Ka +Kb + ¢Kk = K
That is to say, the sum of the first column is
equal to the first line, that of the second column
to the second line, and so on.

It is not necessary to suppose that every
commodity enters directly into the production
of every other; accordingly some of the
quantities on the left-hand side, i.e. on the side
of the means of production, may be zero.

One commodity is taken as standard of value
and its price made equal to unity. This leaves k
-1 unknowns. Since in the aggregate of the
equations the same quantities occur on both
sides, any one of the equations can be inferred
from the sum of the others.1 This leaves k-1
independent linear equations which uniquely
determine the k-l prices.

CHAPTER II

PRODUCTION WITH A SURPLUS

4 If the economy produces more than the
minimum necessary for replacement and there is
a surplus to be distributed, the system becomes
self-contradictory. In effect, if we add up all the
equations, the right-hand side of the resulting
sum-equation (or gross national product) will
contain, besides all the quantities that are found
on the left-hand side (or means of production
and subsistence), some additional ones that are
not. Reckoning as in § 3, there are now k
independent equations with only k-1 unknowns.

The difficulty cannot be overcome by allotting
the surplus before the prices are determined, as
is done with the replacement of raw-materials,
subsistence, etc. This is because the surplus (or
profit) must be distributed in proportion to the
means of production (or capital) advanced in
each industry; and such a proportion between
two aggregates of heterogeneous goods (in

other words, the rate of profits) cannot be
determined before we know the prices of the
goods. On the other hand, we cannot defer the
allotment of the surplus till after the prices are
known, for, as we shall see, the prices cannot
be determined before knowing the rate of
profits. The result is that the distribution of the
surplus must be determined through the same
mechanism and at the same time as are the
prices of commodities.

Accordingly we add the rate of profits (which
must be uniform for all industries) as an
unknown which we call r and the system
becomes

(Aapa + Bapb +¢ + Kap k)(1+ r) = Apa

(Aapa + Bbpb +¢ + Kbp k)(1+ r) = Bpb

§ §
where,(Akpa + Bkpb +¢ + Kkp k)(1+ r) = Kpk

since the system is assumed to be in a
self-replacing state, ; Aa +Ab + ¢ + Ak [ A
Ba +Bb + ¢ + Bk [ B;¢ Ka + Kb + ¢ +Kk [ K,
that is to say the quantity produced of each
commodity is at least equal to the quantity of it
which is used up in all branches of production
together.

This system contains a number k of
independent equations which determine the k -
1 prices and the rate of profits.

5 As an example we may in the
two-commodity case (§1) increase the output
of wheat from 400 qr. to 575 qr. leaving all the
other quantities unchanged. This gives a social
surplus of 175 qr. of wheat and the resulting
position is:

280 qr. wheat + 12 t. iron  575 qr. wheatd
120 qr. wheat + 8 t. iron   20 t. iron.d
The exchange-ratio which enables the

advances to be replaced and the profits to be
distributed to both industries in proportion to
their advances is 15 qr. of wheat for 1 t. of
iron; and the corresponding rate of profits in
each industry is 25 %.
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(Let us, as an illustration, do the arithmetic for
the iron industry. Of the 20 t. produced, 8 go to
replace the iron used and 12 are sold, at the
price of 15 qr. wheat per ton, thereby obtaining
180 qr. wheat: of these, 120 qr. go to replace
the wheat used and 60 qr. are profit at the rate
of 25% on the 240 qr. wheat which is the
aggregate value of the wheat and iron used as
means of production and subsistence in the iron
industry.)

6 One effect of the emergence of a
surplus must be noticed. Previously, all
commodities ranked equally, each of them
being found both among the products and
among the means of production; as a result
each, directly or indirectly, entered the
production of all the others, and each played a
part in the determination of prices. But now
there is room for a new class of 'luxury'
products which are not used, whether as
instruments of production or as articles of
subsistence, in the production of others.

These products have no part in the
determination of the system. Their role is purely
passive. If an invention were to reduce by half
the quantity of each of the means of production
which are required to produce a unit of a
'luxury' commodity of this type, the commodity
itself would be halved in price, but there would
be no further consequences; the price-relations
of the other products and the rate of profits
would remain unaffected. But if such a change
occurred in the production of a commodity of
the opposite type, which does enter the means
of production, all prices would be affected and
the rate of profits would be changed. This can
be seen if we eliminate from the system the
equation representing the production of a
'luxury' good. Since by the same act we
eliminate an unknown (the price of that good)
which only appears in that equation, the
remaining equations will still form a determinate
system which will be satisfied by the solutions
of the larger system. On the other hand, if we
eliminated one of the other, non-luxury,
equations, the number of unknowns would not

thereby be diminished since the commodity in
question appears among the means of
production in the other equations and the
system would become indeterminate.

What has just been said of the passive role of
luxury goods can readily be extended to such
'luxuries' as are merely used in their own
reproduction, either directly (e.g. racehorses)
or indirectly (e.g. ostriches and ostrich-eggs) or
merely for the production of other luxuries (e.g.
raw silk).

The criterion is whether a commodity enters
(no matter whether directly or indirectly) into
the production of all commodities. Those that
do we shall call basic, and those that do not,
'in-basic products.

We shall assume throughout that any system
contains at least one basic product.

7 It is desirable at this stage to explain
why the ratios which satisfy the conditions of
production have been called 'values' or 'prices'
rather than, as might be thought more
appropriate, 'costs of production.

The latter description would be adequate so
far as non-basic products were concerned,
since, as it follows from what we have seen in
the preceding section, their exchange ratio is
merely a reflection of what must be paid for
means of production, labour and profits in
order to produce them-there is no mutual
dependence.

But for a basic product there is another aspect
to be considered. Its exchange-ratio depends
as much on the use that is made of it in the
production of other basic commodities as on
the extent to which those commodities enter its
own production. (One might be tempted, but it
would be misleading, to say that 'it depends as
much on the Demand side as on the Supply
side'.)

In other words, the price of a non-basic
product depends on the prices of its means of
production, but these do not depend on it.
Whereas in the case of a basic product the
prices of its means of production depend on its
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own price no less than the latter depends on
them.

A less one-sided description than cost of
production seems therefore required. Such
classical terms as 'necessary price', 'natural
price' or 'price of production' would meet the
case, but value and price have been preferred
as being shorter and in the present context
(which contains no reference to market prices)
no more ambiguous.

It may be added that not only in this case but
in general the use of the term 'cost of
production' has been avoided in this work, as
well as the term 'capital' in its quantitative
connotation, at the cost of some tiresome
circumlocution. This is because these terms
have come to be inseparably linked with the
supposition that they stand for quantities that
can be measured independently of; and prior
to, the determination of the prices of the
products. (Witness the 'real costs' of Marshall
and the 'quantity of capital' which is implied in
the marginal productivity theory.) Since to
achieve freedom from such presuppositions has
been one of the aims of this work, avoidance of
the terms seemed the only way of not
prejudicing the issue.

8 We have up to this point regarded
wages as consisting of the necessary
subsistence of the workers and thus entering the
system on the same footing as the fuel for the
engines or the feed for the cattle. We must now
take into account the other aspect of wages
since, besides the ever-present element of
subsistence, they may include a share of the
surplus product. In view of this double
character of the wage it would be appropriate,
when we come to consider the division of the
surplus between capitalists and workers, to
separate the two component parts of the wage
and regard only the 'surplus' part as variable;
whereas the goods necessary for the
subsistence of the workers would continue to
appear, with the fuel, etc., among the means of
production.

We shall, nevertheless, refrain in this book
from tampering with the traditional wage
concept and shall follow the usual practice of
treating the whole of the wage as variable.

The drawback of this course is that it involves
relegating the necessaries of consumption to the
limbo of non-basic products. This is due to their
no longer appearing among the means of
production on the left-hand side of the
equations: so that an improvement in the
methods of production of necessaries of life will
no longer directly affect the rate of profits and
the prices of other products. Necessaries
however are essentially basic and if they are
prevented from exerting their influence on
prices and profits under that label, they must do
so in devious ways (e.g. by setting a limit below
which the wage cannot fall; a limit which would
itself fall with any improvement in the methods
of production of necessaries, carrying with it a
rise in the rate of profits and a change in the
prices of other products.)

In any case the discussion which follows can
easily be adapted to the more appropriate, if
unconventional, interpretation of the wage
suggested above.

9 We shall also hereafter assume that the
wage is paid postfactum as a share of the
annual product, thus abandoning the classical
economists' idea of a wage 'advanced' from
capital. We retain however the supposition of
an annual cycle of production with an annual
market.

10 The quantity of labour employed in
each industry has now to be represented
explicitly, taking the place of the corresponding
quantities of subsistence. We suppose labour to
be uniform in quality or, what amounts to the
same thing, we assume any differences in
quality to have been previously reduced to
equivalent differences in quantity so that each
unit of labour receives the same wage.

We call La, Lb, ..., Lk the annual quantities of
labour respectively employed in the industries
producing A, B, ..., K and we define them as
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fractions of the total annual labour of society,
which we take as unity, so that

La + Lb +¢ + Lk = 1
We call w the wage per unit of labour, which

like prices will be expressed in terms of the
chosen standard. (See further, on the choice of
a standard, § 12.)

11 On this basis the equations take the
form:
Aapa + Bapb +¢ + Kap k)(1+ r) + Law = Apa
Abpa + Bbpb +¢ + Kap k)(1+ r) + Lbw = Bpb

Akpa + Bkpb +¢ + Kkp k)(1+ r) + Lkw = Kp k

where, as in the earlier cases, the system is
assumed to be in a self-replacing state, namely
such that

Aa + Ab + ¢ + Ak [ A; Ba + Bb + ¢Bk [ B;

Ka + Kb + ¢ + Kk [ K

12 The national income of a system in a
self-replacing state consists of the set of
commodities which are left over when from the
gross national product we have removed item
by item the articles which go to replace the
means of production used up in all the
industries.

The value of this set of commodities, or
'composite commodity' as it may be called,

which forms the national income, we make
equal to unity. It thus becomes the standard in
terms of which the wage and the k prices are
expressed (taking the place of the arbitrarily
chosen single commodity in terms of which k -
1 prices, besides the wage, were expressed).

We have therefore the additional equation

[A − (Aa + Ab + ¢ + Ak)]pa +

[B − (Ba + Bb + ¢Bk)]pb +

¢ + [K − (Ka + Kb + ¢ + Kk)]pk

= 1

(It is impossible for the aggregate quantity of
any commodity represented in this expression
to be negative owing to the condition of
self-replacement assumed in § 11.)

This gives k + 1 equations as compared with
k + 2 variables (k prices, the wage w and the
rate of profits r).

The result of adding the wage as one of the
variables is that the number of these now
exceeds the number of equations by one and
the system can move with one degree of
freedom; and if one of the variables is fixed the
others will be fixed too.
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Dynamics

Economic theory has been dominated by the concepts of statics and levels, rather than by the
concepts of dynamics and rates of change. In macroeconomics, the variables considered are output,
employment, and so on, rather than the rate of change of output, and the rate of change of
employment. The models tell you when the level of output Y is sufficient to employ all available
labour L, when in fact L is changing all the time because of population growth.

The first modern economist to exclusively analyse the economy as a growing system was Harrod.
As with Keynes, the major interpreter of Harrod’s work was Hicks.
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Roy Harrod

An Essay in Dynamic Theory

Economic Journal 1936

The following pages constitute a tentative and
preliminary attempt to give the outline of a
‘dynamic’ theory. Static theory consists of a
classification of terms with a view to systematic
thinking, together with the extraction of such
knowledge about the adjustments due to a
change of circumstances as is yielded by the
‘laws of supply and demand’. It has for some
time appeared to me that it ought to be possible
to develop a similar classification and system of
axioms to meet the situation in which certain
forces are operating steadily to increase or
decrease certain magnitudes in the system. The
consequent ‘theory’ would not profess to
determine the course of events in detail, but
should provide a framework of concepts
relevant to the study of change analogous to
that provided by static theory for the study of
rest.

The axiomatic basis of the theory which I
propose to develop consists of three
propositions, namely: (i) that the level of a
community's income is the most important
determinant of its supply of saving; (ii) that the
rate of increase of its income is an important
determinant of its demand for saving; and (iii)
that demand is equal to supply.  It thus consists
in a marriage of the ‘acceleration principle’ and
the ‘multiplier’ theory, and is a development
and extension of certain arguments advanced in
my Essay on the Trade Cycle.
2. Attempts to construct a dynamic theory
have recently been proceeding upon another
line - namely, by the study of time lags between
certain adjustments. By the introduction of an
appropriate lag the tendency of a system to
oscillate can be established. In these studies
there is some doubt as to the nature of the trend
on which the oscillation is superimposed.
Supposing damping measures could be
introduced, to counteract the oscillation caused

by the lag, would the system be stationary or
advancing?  And at what rate? Dynamic theory
in my sense may throw some light upon this.

Moreover it is possible, and this the following
argument seeks to establish, that the trend of
growth may itself generate forces making for
oscillation. This, if so, would not impair the
importance of the study of the effect of lags.
But it may be that the attempt to explain the
trade cycle by exclusive reference to them is an
unnecessary tour de force. The study of the
operation of the forces maintaining a trend of
increase and the study of lags should go
together.
3. The significance of what follows should
not be judged solely by reference to the validity
or convenience of the particular equations set
forth.  It involves something wider: a method of
thinking, a way of approach to certain
problems.  It is necessary to 'think dynamically'.
The static system of equations is set forth not
only for its own beauty, but also to enable the
economist to train his mind upon special
problems when they arise.  For instance, an
economist may pose to himself the question,
What would be the effect on the system of an
increase of exports or of a labour-saving
invention?  By reference to the static equations,
he then proceeds to work out the new
equilibrium position supposing the new higher
level of exports to be maintained in perpetuity
or the labour-saving invention to be
incorporated in the productive technique once
for all.

But let the question be: Suppose the level of
exports begins and continues to increase
steadily, or suppose its rate of increase to
increase, or suppose labour-saving inventions
begin to be made in a steady or growing
stream; then the static method will not suffice.
The static theorist may hope to reduce this
supposed steady increase to a succession of
steps up, each having the same effect. But if the
following argument is correct, the effect on the
moving equilibrium of advance may often be in
the opposite direction to the effect on the static
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equilibrium produced by each of the steps
considered singly. A new method of approach -
indeed, a mental revolution - is needed.

Once the mind is accustomed to thinking in
terms of trends of increase, the old static
formulation of problems seems stale, flat and
unprofitable. This is not to deny to static theory
its own appropriate sphere.  It will become
apparent which kind of problem belongs to
each branch of study.
4. I now propose to proceed directly to
the Fundamental Equation, constituting the
marriage of the acceleration principle and the
multiplier theory. This probably gives too much
importance to the acceleration principle, and
the necessary modification is introduced
subsequently.

Let G stand for the geometric rate of growth
of income or output in the system, the increment
being expressed as a fraction of its existing
level. G will vary directly with the time interval
chosen - e.g. 1 per cent per annum = 1/12 per
cent per month. Let Gw stand for the warranted
rate of growth. The warranted rate of growth is
taken to be that rate of growth which, if it
occurs, will leave all parties satisfied that they
have produced neither more nor less than the
right amount. Or, to state the matter otherwise,
it will put them into a frame of mind which will
cause them to give such orders as will maintain
the same rate of growth. I use the
unprofessional term warranted instead of
equilibrium, or moving equilibrium, because,
although every point on the path of output
described by Gw is an equilibrium point in the
sense that producers, if they remain on it, will
be satisfied, and be induced to keep the same
rate of growth in being, the equilibrium is, for
reasons to be explained, a highly unstable one.

If x0 is output in period 0 and x1 output in
period 1, . Since we suppose theG = x1 −x0

x0

period to be short, x0 or x1 may alternatively
stand in the denominator.

x0 and x1 are compounded of all individual
outputs. I neglect questions of weighting.  Even
in a condition of growth, which generally

speaking is steady, it is not to be supposed that
all the component individuals are expanding at
the same rate. Thus even in the most ideal
circumstances conceivable, G, the actual rate of
growth, would diverge from time to time from
Gw, the warranted rate of growth, for random
or seasonal causes.

Let s stand for the fraction of income which
individuals and corporate bodies choose to
save.  s is total saving divided by x0 or x1. This
may be expected to vary, with the size of
income, the phase of the trade cycle,
institutional changes, etc.

Let C stand for the value of the capital goods
required for the production of a unit increment
of output. The unit of value used to measure this
magnitude is the value of the unit increment of
output. Thus, if it is proposed in month 1 to
raise the output of shoes, so that in month 1 and
all subsequent months output is one pair higher
than in month 0, and if the machine required to
do this - neglecting all other capital that may be
required - has a value 48 times the value of a
pair of shoes, C per month = 48. The value of
C is inversely proportional to the period
chosen. C per annum = 4 in this case. The
value of G is directly proportional to the period
chosen. The value of C depends on the state of
technology and the nature of the goods
constituting the increment of output.  It may be
expected to vary as income grows and in
different phases of the trade cycle; it may be
somewhat dependent on the rate of interest.

Now, it is probably the case that in any period
not the whole of the new capital is destined to
look after the increment of output of consumers'
goods. There may be long-range plans of
capital development or a transformation of the
method of producing the pre-existent level of
output. These facts will be allowed for in due
course.  For the moment let it be assumed that
all new capital goods are required for the sake
of the increment of output of consumers' goods
accruing.
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Reserving proof for the next paragraph, we
may now write the Fundamental Equation in its
simplest form :

  (1)Gw = s
C

It should be noticed that the warranted rate of
growth of the system appears here as an
unknown term, the value of which is determined
by certain ‘fundamental conditions’ - namely,
the propensity to save and the state of
technology, etc. Those who define dynamic as
having a cross-reference to two points of time
may not regard this equation as dynamic; that
particular definition of dynamic has its own
interest and field of reference. I prefer to define
dynamic as referring to propositions in which a
rate of growth appears as an unknown variable.
This equation is clearly more fundamental than
those expressing lags of adjustment.
5. The proof is as follows. Let Cp stand
for the value of the increment of capital stock in
the period divided by the increment of total
output. Cp is the value of the increment of
capital per unit increment of output actually
produced. Circulating and fixed capital are
lumped together.

(1a)G = s
Cp

is a truism, depending on the proposition that
actual saving in a period (excess of the income
in that period over consumption) is equal to the
addition to the capital stock. Total saving is
equal to Sx0.  The addition to the capital stock
is equal to Cp (x1 - x0) . This follows from the
definition of C,. And so,

,sx0 = Cp(x1 − x0 )
s

Cp
= (x1 − x0) = G

G is the rate of increase in total output which
actually occurs; Cp is the increment in the stock
of capital divided by the increment in total
output which actually occurs. If the value of the
increment of stock of capital per unit increment
of output which actually occurs, Cp, is equal to
C, the amount of capital per unit increment of
output required by technological and other
conditions (including the state of confidence, the
rate of interest, etc.), then clearly the increase

which actually occurs is equal to the increase
which is justified by the circumstances. This
means that, since Cp includes all goods
(circulating and fixed capital), and is in fact
production minus consumption per unit
increment of output during the period, the sum
of decisions to produce, to which G gives
expression, are on balance justified - i.e. if
C=Cp then G=Gw, and (from I (a) above)  

. This is the fundamental equation,Gw = s
C

stated in para. 4, which determines the
warranted rate of growth.  To give numerical
values to these symbols, which may be fairly
representative of modern conditions: if 10 per
cent of income were saved and the capital
coefficient per annum (C) were equal to 4 the
warranted rate of growth would be 2 1/2 per
cent per annum.

It may be well to emphasise at this point that
no distinction is drawn in this theory between
capital goods and consumption goods. In
measuring the increment of capital, the two are
taken together; the increment consists of total
production less total consumption. Some
trade-cycle theorists concern themselves with a
possible lack of balance between these two
categories; no doubt that has its importance.
The theory here considered is more
fundamental or simple; it is logically prior to the
considerations regarding lack of balance, and
grasp of it is required as a preliminary to the
study of them.
6. To use terminology recently employed
by distinguished authorities, Cp is an ex-post
quantity.  I am not clear if a should be regarded
as its corresponding ex-ante. C is rather that
addition to capital goods in any period which
producers regard as ideally suited to the output
which they are undertaking in that period.  For
convenience the term ex-ante when employed
in this article will be used in this sense.

The truism stated above, (1a), gives
expression to Keynes's proposition that saving
is necessarily equal to investment - that is, to
ex-post investment. Saving is not necessarily
equal to ex-ante investment in this sense, since
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unwanted accretions or depletions of stock may
occur, or equipment may be found to have
been produced in excess of; or short of;
requirements.

If ex-post investment is less than ex-ante
investment, this means that there has been an
undesired reduction of stocks or insufficient
provision of productive equipment, and there
will be a stimulus to further expansion of output;
conversely if ex-post investment exceeds
ex-ante investment.  If ex-post investment is
less than ex-ante investment, saving is less than
ex-ante investment.  In his Treatise on Money
Keynes formulated a proposition which has
been widely felt to be enlightening, though
experience has led him subsequently to
condemn the definitions employed as more
likely to be misconstrued than helpful.  He said
that if investment exceeded saving, the system
would be stimulated to expand, and conversely.
If for the definitions on which that proposition
was based, we substitute the definition of
ex-ante investment given above, it is true that if
ex-ante investment exceeds saving, the system
will be stimulated, and conversely. This truth
may account for the feeling of satisfaction which
Keynes's proposition originally evoked and the
reluctance to abandon it at his behest. In many
connexions we are more interested in ex-ante
than in ex-post investment, the latter including
as it does unwanted accretions of stocks.
Keynes's proposition of the Treatise may still
be a useful aid to thinking, if we substitute for
'Investment' in it ex-ante investment as defined
above.
7. Two minor points may be considered
before we proceed with the main argument.
(i) It may be felt that there is something
unreal in this analysis, since the increase in
capital which producers will regard as right in
period 1 is in the real world related not to the
increase of total output in period 1, but to
prospective increases in subsequent periods.
This objection may be divided into two parts.
(a) In view of the fact that much of the outlay of
capital is connected with long-range planning, it

may be held that the fundamental equation gives
too much weight to the short-period effect of
the acceleration principle. This objection is
freely admitted and allowed for in the
subsequent modification of the equation.  (b) It
may further be objected that even in the sphere
in which the acceleration principle holds there
must be some lag between the increased
provision of equipment (and stocks?) and the
increased flow of output which they are
designed to support. There may be some force
in this. But the point is deliberately neglected in
this part of the argument, along with all
questions of lags. The study of these lags is of
undoubted importance, but a division of labour
in analysis is indispensable, and in this case the
neglect is necessary in order to get the clearest
possible view of the forces determining the
trend and its influence as such. Moreover, the
lag referred to in this subheading (b) may
properly be regarded as unimportant, since, in
the event of a steady advance (G) being
maintained, the difference between x1 -  x0 and
x2 -  x1 will be of the second order of small
quantities.  In other words, it matters not
whether we regard the increment of capital as
required to support the increment of total
output in the same period or in the one
immediately succeeding it.
8.
(ii) In the demonstration given above (paras. 6
and 7) reference was made to the distinction
between the ex-post and the ex-ante increase
of capital goods. No reference was made to the
distinction between ex-post and ex-ante saving.
Suppose that G is not equal to Gw; might not
the discrepancy show itself on the other side of
the equation, not in any divergence of Cp from
C, but in ex-post saving not being equal to
ex-ante saving?

I have no very clear view as to possible
causes likely to operate in a systematic way to
distort ex-post from ex-ante saving, or of the
probable importance of such distortions. It is
said, for instance, that in a time of rising prices,
fixed-income classes will not adapt their modes
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of life simultaneously, and so may save less than
they would be disposed to do had they clearly
foreseen the impending rise.  Per contra
variable-income classes may not foresee their
own rise of income, and so spend less than they
would have been disposed to do.

This question of the possible divergence of
ex-post from ex-ante saving must be kept
entirely distinct from that of the variations in s in
the different phases of the trade cycle, which
not only are admitted, but also play a part in the
argument.  s may vary because the level of
income or of profit is abnormally swollen or
depressed.

The neglect of these possible divergences has
no importance for the argument, since they will
have the same effect on growth as the
divergences of Cp from C for which they may
serve as substitute. Thus if G exceeds Gw, the
right-hand side of the equation must exceed .s

C

If the whole of this effect is found in Cp it will be
less than C, and this is a stimulus to expansion.
Firms finding themselves short of stock or
equipment will increase their orders.  If; on the
other hand, the whole of this effect is found in a
divergence of ex-post s from ex- ante s,
ex-post s will be greater than ex-ante s. Savers
will find that they have saved more than they
would have done had they foreseen their level
of income or the level of prices correctly.
Consequently they will be stimulated to expand
purchases, and orders for goods will con-
sequently be increased.  Throughout the
following pages the reader, whenever he finds a
reference to the excess or deficiency of Cp

compared with C, may substitute, if he prefers
it, a supposed deficiency or excess of ex-post
saving compared with ex-ante saving, without
affecting the course of the argument.
9. We now come to a point of major
importance, constituting the difference between
the dynamic equilibrium (warranted rate of
growth) and the static equilibrium. Normally the
latter is stable and the former unstable.  This
gives a prima-facie reason for regarding the

dynamic analysis as a necessary propaedeutic
to trade-cycle study.

Some recent writers have been disposed to
urge that the static equilibrium is not so stable
as is sometimes claimed. Suppose that an
increased output of a commodity, constituting a
departure from equilibrium, is tried, so that its
supply stands at a point at which the supply
curve is above the demand curve. It is argued
that, instead of a relapse at once occurring,
reducing supply to the point of intersection of
the supply and demand curves - this showing
the stability of the old equilibrium - the upshot
depends on how all parties now proceed. It is
suggested that there may be a tendency to waltz
round the point of intersection or, more
broadly, that in the backward adjustment there
may be wide repercussions disturbing the whole
system. It is even held that the whole question
of the stability of the static equilibrium, in the
sense of the tendency of a relapse to it when a
random departure occurs, is itself a dynamic
problem, which cannot be looked after by the
system of static equations.  I have the
impression that his type of criticism exaggerates
the importance of this problem, and constitutes
to some extent a failure to see the wood for the
trees, and that on its own ground the theory of
static equilibrium is well able to hold its own.

But when we look at the dynamic equilibrium,
new vistas are opened. The line of output
traced by the warranted rate of growth is a
moving equilibrium, in the sense that it
represents the one level of output at which
producers will feel in the upshot that they have
done the right thing, and which will induce them
to continue in the same line of advance.  Stock
in hand and equipment available will be exactly
at the level which they would wish to have
them. Of course what applies to the system in
general may not apply to each individual
separately. But if one feels he has
over-produced or over-ordered, this will be
counterbalanced by an opposite experience of
an equal importance in some other part of the
field.
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But now suppose that there is a departure
from the warranted rate of growth. Suppose an
excessive output, so that G exceeds Gw  The
consequence will be that Cp, the actual increase
of capital goods per unit increment of output,
falls below C, that which is desired. There will
be, in fact, an undue depletion of stock or
shortage of equipment and the system will be
stimulated to further expansion.  G, instead of
returning to Gw, will move farther from it in an
upward direction, and the farther it diverges,
the greater the stimulus to expansion will be.
Similarly, if G falls below Gw, there will be a
redundance of capital goods, and a depressing
influence will be exerted; this will cause a
further divergence and a still stronger
depressing influence; and so on. Thus in the
dynamic field we have a condition opposite to
that which holds in the static field.  A departure
from equilibrium, instead of being self-righting,
will be self-aggravating. Gw represents a moving
equilibrium, but a highly unstable one. Of
interest this for trade-cycle analysis!

Suppose an increase in the propensity to save,
which means that the values of s are increased
for all levels of income. This necessarily
involves, ceteris paribus, a higher rate of
warranted growth.  But if the actual growth was
previously equal to the warranted growth, the
immediate effect is to raise the warranted rate
above the actual rate. This state of affairs sets
up a depressing influence which will drag the
actual rate progressively farther below the
warranted rate. In this as in other cases, the
movement of a dynamic determinant has an
opposite effect on the warranted path of growth
to that which it has on its actual path. How
different from the order of events in static
theory.

The reader may have some difficulty in the
expression ‘stimulus to expansion’. What is the
significance of this, in view of the fact that some
growth is assumed as a basic condition?  It
must be remembered that the value of G
depends on aggregates x0 and x1. These are
sums of numerous quantities for which

individuals are responsible. It must be supposed
that at all times some individuals are jogging on
at a steady level, others are risking an increase
of orders or output, others are willy-nilly
curtailing. G is the resultant of their separate
enterprises.  Some are in any event likely to be
disappointed. If G is equal to Gw, it is to be
supposed that the general level of enterprise
undertaken in period o, including in sum a
certain increase over that in the preceding
period, is found to be satisfactory. Those
running short of stock balance those with
surpluses. This justifies further action on similar
lines, though the individuals increasing orders
for stock in trade or planning new equipment in
period 1 may not be identical in person with
those doing so in period 0. If an expansive
force is in operation, more individuals, or
individuals having greater weight, will be
induced by their trading position to venture
increases than did so in the preceding period.
Conversely if a depressing force is in operation.

The dynamic theory so far stated may be
summed up in two propositions.  (i) A unique
warranted line of growth is determined jointly
by the propensity to save and the quantity of
capital required by technological and other
considerations per unit increment of total
output. Only if producers keep to this line will
they find that on balance their production in
each period has been neither excessive nor
deficient. (ii) On either side of this line is a 'field'
in which centrifugal forces operate, the
magnitude of which varies directly as the
distance of any point in it from the warranted
line. Departure from the warranted line sets up
an inducement to depart farther from it. The
moving equilibrium of advance is thus a highly
unstable one.

The essential point here may be further
explained by reference to the expressions
overproduction and under production. The
distinction between particular overproduction
and general overproduction is well known.  In
the event of particular overproduction, there
will normally be a tendency to reduce
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production of the particular line, and so
equilibrium will be restored.  We may define
general overproduction as a condition in which
a majority of producers, or producers
representing in sum the major part of
production, find they have produced or ordered
too much, in the sense that they or the
distributors of their goods find themselves in
possession of an unwanted volume of stocks or
equipment.  By reference to the fundamental
equation it appears that this state of things can
only occur when the actual growth has been
below the warranted growth -- i.e. a condition
of general overproduction is the consequence
of producers in sum producing too little.  The
only way in which this state of affairs could
have been avoided would have been by
producers in sum producing more than they did.
Overproduction is the consequence of
production below the warranted level.
Conversely, if producers find that they are
continually running short of stocks and
equipment, this means that they are producing
above the warranted level.

But the condition of overproduction, or, as we
should perhaps call it, apparent overproduction,
will lead to a curtailment of production or
orders, or a reduction in the rate of increase on
balance, and consequently, so long as the
fundamental conditions governing the warranted
rate are unchanged, to a larger gap between
actual and warranted growth, and so to an
intensification of the evils which the contraction
was intended to cure.

It must be noted that a rate of growth lying on
either side of the warranted rate is regarded
here as unwarranted. If the actual rate exceeds
the warranted rate, producers on balance will
not feel that they have produced or ordered too
much; on the contrary, they will be running
short of stocks and/or equipment.  Thus they
will not feel that they have produced the
warranted amount plus something; on the
contrary, they will feel that everything which
they have produced has been warranted, and
that they might warrant-ably have produced

something more.  None the less, we define their
production as unwarrantably large, meaning by
that that they have produced in excess of the
unique amount which would leave them on
balance satisfied with what they had done and
prepared to go forward in the next period on
similar lines.
10. The foregoing demonstration of the
inherent instability of the moving equilibrium, or
warranted line of advance, depends on the
assumption that the values of s and C are
independent of the value of G.  This is formally
correct. The analysis relates to a single point of
time. s is regarded as likely to vary with a
change in the size of income, but a change in the
rate of growth at a given point of time has no
effect on its size. C may also be expected to
vary with the size of income, e.g. owing to the
occurrence of surplus capital capacity from time
to time, but the same argument for regarding it
as independent of the rate of growth at a
particular point of time applies.

It may be objected, however, that this method
of analysis is too strict to be realistic, since the
discovery that output is excessive or deficient,
and the consequent emergence of a depressing
or stimulating force, takes some time, and in the
interval required for a reaction to be produced
an appreciable change in s or C may have
occurred.

Consider this with reference to an
experimental increase in G above a warranted
level. According to the theory of instability, any
such experiment will be apparently
over-justified, stocks or equipment running
short in consequence of it. Is it possible that if
resulting changes in the values of s or C are
taken into account, this doctrine will have to be
modified?

In order to justify modifying the doctrine, it
would be necessary to show that, in
consequence of the experimental increase, 5
was substantially increased or C reduced. It is
unlikely that C would be reduced. The capital
coefficient may often stand below the level
appropriate to the technological conditions of
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the age, owing to the existence of surplus
equipment. If this were so, the higher rate of
output consequent upon the experimental
increase would tend to raise C. A smaller
proportion of firms would come to find

their capacity redundant, and a larger
proportion would have to support a greater
turnover by ordering extra equipment.

With saving, the case is different.  An
expansion of activity might increase the
proportion of income saved. What increase of
saving is required for a modification of the
instability theory?

This can be shown simply.  Let xe be an
experimental increase of output above the
warranted level. Let sm stand for the fraction of
the consequential income saved.  The instability
principle requires tha

t  C $ xe > sm $ xe
i.e. that

sm < C

< s
Gw

This condition needs interpretation.  Since C
and Gw do not both appear in the equation, it is
necessary to define the period by which Gw is
measured. This should be done by reference to
the reaction time mentioned above - namely,
the time required for an undue accretion or
depletion of capital goods to exert its influence
upon the flow of orders. If this reaction time is
six months, then Gw must be measured as
growth per six months.

Thus the instability condition requires that the
fraction of marginal income saved shall not be
more than the fraction of total income saved
multiplied by the total income and divided by
the increment of warranted income per six
months. Thus if the warranted growth is 21/2
per cent per annum, or 1 1/4 per cent per six
months, the instability principle requires that the
fraction of marginal income saved must be less
than eighty times the fraction of average income
saved. Supposing that the high figure of 50 per
cent is taken as the fraction of marginal income

saved, the fraction of total income saved must
be greater than five-eighths of 1 per cent. Thus
for any normal warranted rate of growth and
level of saving, the instability principle seems
quite secure.

The force of this argument, however, is
somewhat weakened when long-range capital
outlay is taken into account.  It will then appear
that the attainment of a neutral or stable
equilibrium of advance may not be altogether
improbable in certain phases of the cycle.
11. It should be noticed that the instability
theory makes the empirical verification of the
acceleration principle more arduous. For it
leads to the expectation that in the upward
phase of the cycle the actual rate will tend to
run above the warranted rate, and the accretion
of capital to be less than that required by the
acceleration principle; and conversely in the
downward phase. Thus a finding that the
volume of investment fluctuates less than is
required by direct computation from the
acceleration principle is consistent with the
theory here set forth, in which, none the less,
the acceleration principle is presented as a
leading dynamic determinant.
12. It is now expedient to introduce further
terms into our equation to reduce the influence
of the acceleration principle. Some outlays of
capital have no direct relation to the current
increase of output. They may be related to a
prospective long-period increase of activity,
and be but slightly influenced, if at all, by the
current increase of trade. Or they may be
induced by new inventions calculated to
cheapen production or change consumers'
modes of spending their income, so that they
are not related to increments of output, but are
designed to revolutionise the methods for
producing some portion of already existing
output or to substitute one line of goods for
another in the consumers' budget.  There are
doubtless numerous factors, including the state
of confidence and the rate of interest, affecting
the volume of such outlay.  It may suffice for the
purpose in hand to divide it into two parts.
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One part, K, is conceived to be quite
independent both of the current level of income
and its current rate of growth. The other,
expressed as a fraction of income, k, is
conceived to vary with the current level of
income, as distinct from its rate of growth. This
seems a reasonable assumption. Long-period
anticipations are bound to be influenced by the
present state of prosperity or adversity: even
public authorities are apt to reduce the volume
of public works in a slump. Companies may
relate their expenditure on long-range plans to
the current state of their profit account.

Having regard to the principle that the total
increase of capital is equal to the total saving in
the period, our fundamental equation may be
modified as follows:

(2)Gw = s−k− K
x

C
It must be noticed that C and Cp now stand

not for the total increase of capital (desired and
actual, respectively) per unit increment of
output, but only for the net increase of capital
after the capital represented by k and K has
been subtracted.

It may be noticed that the larger the volume of
outlay which will be sustained independently of
the current rate of growth, the smaller is the
warranted rate of growth. A larger part of
savings being absorbed in such outlay, there will
be a smaller part to be looked after by the
acceleration principle.
13. In the following pages the expression
long-range capital outlay will be used for the
magnitude denoted by xk + K. This must not be
supposed to cover all investment in durable
fixed equipment; for much of that is related to,
and directly governed by, the current output of
consumption goods.  It refers only to that part
of the output of fixed equipment the production
of which is not governed by the current demand
for consumption goods.

If long-range capital outlay were large by
comparison with that required to support the
current increase in turnover of consumable
goods, the peculiar conditions defined in para.
10 for the invalidity of the instability principle

might in certain circumstances be realised.  For
the fraction of total income saved and devoted
to the finance of the increase of current output
might be very small compared with the fraction
of marginal income saved.  It is not, however,
to be supposed that it would normally be small
enough to invalidate the instability principle.
For, with normal growth at 2 1/2 per cent,
saving at 10 per cent, marginal saving at 50 per
cent and the reaction time six months, this
would mean that fifteen-sixteenths of capital
would normally be devoted to long-range
capital outlay and only one-sixteenth would be
directly associated with the current increase of
output (c£ para. 10). But such a situation might
well arise in certain phases of the trade cycle,
especially when capital capacity was redundant
and saving low.  In that case a stable
equilibrium of advance might for a time be
achieved.
14. To complete the picture, foreign trade
must be taken into account.  It is reasonable to
measure exports, including invisible exports and
the earnings of foreign investments, in absolute
terms. The value of income which may be
earned in this way may be conceived to be
independent both of the level of activity at home
and of its growth (though in so far as the trade
cycle is world-wide, its value will be de facto
related to income) . Let E stand for this value.
Imports, on the other hand, are better taken as
a fraction, i, of the current level of income. We
then have, by parity of reasoning,

(3)Gw = s+i−k− K
x − E

x

C
i need not be equal to E/x; the difference
represents an international movement of capital.
The influence of the various magnitudes on the
warranted rate of growth is shown by the
equation.
15. The fundamental dynamic equation has
been used to demonstrate the inherent tendency
of the system to instability.  Space forbids an
application of this method of analysis to the
successive phases of the trade cycle. In the
course of it the values expressed by the
symbols on the right-hand side of the equation
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undergo considerable change. As actual growth
departs upwards or downwards from the
warranted level, the warranted rate itself
moves, and may chase the actual rate in either
direction. The maximum rates of advance or
recession may be expected to occur at the
moment when the chase is successful.

For the convenience of the reader who may
be tempted to experiment with this tool, it must
be observed that C is always positive. Being
the total quantity of capital required in
connection with increments (or decrements) of
current output divided by the increment (or
decrement) of that output, when the latter is
negative the former is negative also, and the
coefficient remains positive. Cp, on the other
hand, may be negative; it is not negative
whenever there is a depletion of capital goods,
but only when the amount of capital goods
outstanding is moving in the opposite direction
to the level of total output.

The formula is not well adapted to dealing
with the case of zero growth. But that matter is
quite simple. Zero growth is only warranted
when the amount of saving is equal to the
amount required for long-range capital outlay. If
the amount of saving exceeds this, there will be
a tendency for output to decline, and
conversely.

It may be well to make one point with regard
to a downward departure from the warranted
position of sufficient importance to outlive one
reaction time and bring the system within the
field where the centrifugal forces have
substantial strength. The downward lapse will
then continue until the warranted rate,
determined by the values on the right-hand side
of the equation, itself moves down. This will
happen when the numerator falls or the
denominator rises. But in a phase of declining
rate of growth the capital coefficient is not in
general likely to rise. And so long as there is still
some positive growth, albeit at a declining rate,
the fraction of income saved is not likely to fall.
Therefore, once the rate of growth is driven
downwards from the warranted level, the

warranted level is not itself likely to fall, or the
downward movement therefore to be checked
until the rate of growth becomes negative and
the level of income recedes. Now, if the actual
rate is standing below the warranted rate, the
centrifugal force will continue to operate,
driving the actual rate progressively
downwards, unless or until the warranted rate
itself falls to a level as low as the actual rate.
But, since the actual rate is now negative, this
cannot happen until the numerator of the
right-hand side of the equation becomes
negative - that is, until saving falls below the
level required for long-range capital outlay.
16. Alongside the concept of warranted
rate of growth we may introduce another, to be
called the natural rate of growth. This is the
maximum rate of growth allowed by the
increase of population, accumulation of capital,
technological improvement and the work/leisure
preference schedule, supposing that there is
always full employment in some sense.

There is no inherent tendency for these two
rates to coincide. Indeed, there is no unique
warranted rate; the value of warranted rate
depends upon the phase of the trade cycle and
the level of activity.

Consideration may be given to that warranted
rate which would obtain in conditions of full
employment; this may be regarded as the
warranted rate 'proper' to the economy. Prima
facie it might be supposed healthier to have the
'proper' warranted rate above than below the
natural rate. But this is very doubtful.

The system cannot advance more quickly than
the natural rate allows. If the proper warranted
rate is above this, there will be a chronic
tendency to depression; the depressions drag
down the warranted rate below its proper level,
and so keep its average value over a term of
years down to the natural rate. But this
reduction of the warranted rate is only achieved
by having chronic unemployment.

The warranted rate is dragged down by
depression; it may be twisted upwards by an
inflation of prices and profit. If the proper rate
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is below the natural rate, the average value of
the warranted rate may be sustained above its
proper level over a term of years by a
succession of profit booms.

Thus each state of affairs has its appropriate
evils. There is much to be said for the view that
it is better that the proper warranted rate should
be lower rather than higher than the natural rate.
17. In order fully to grasp the dynamic
principle, it is necessary to bear in mind that
changes in fundamental conditions have
opposite effects on the actual rate and the
warranted rate. An increased amount of
long-range capital outlay, an increase in the
capital coefficient, an increase in the propensity
to consume, and an increase in the active
balance on international account, or a decline in
the passive balance, are all properly thought to
have a stimulating effect on the system. But they
all tend, as may readily be seen from the
equation, to reduce the warranted rate.  This
paradox may be readily explained.

Suppose that one of these stimulants begins to
operate when the actual rate is equal to the
warranted rate.  By depressing the warranted
rate, it drags that down below the actual rate,
and so automatically brings the actual rate into
the field of centrifugal forces, driving it away
from the warranted rate - that is, in this case,
upwards. Thus the stimulant causes the system
to expand.

It must not be inferred that these stimulants
are only of temporary benefit. For it may be
healthy for an economy to have its proper
warranted rate reduced. This is likely to be so
when its proper warranted rate is tending to be
above the natural rate.' The long-run value of
the stimulant can only be assessed if it is known
whether, in its absence, the proper warranted
rate is running above or below the natural rate.

It is often felt that a high propensity to save
should warrant a great increase in the output of
wealth and this induces an extreme aversion to
accept Keynes's view that excessive saving in
the modern age is hostile to prosperity. The
feeling is justified to the extent that higher

propensity to save does, in fact, warrant a
higher rate of growth. Trouble arises if the rate
of growth which it warrants is greater than

that which the increase of population and the
increase of technical capacity render
permanently possible. And the fundamental
paradox is that the more ambitious the rate
warranted is, the greater the probability that the
actual output will from time to time, and even
persistently fall below that which the productive
capacity of the population would allow.
18. Policy in this field is usually appraised
by reference to its power to combat tendencies
to oscillation.  Our demonstration of the
inherent instability of the dynamic equilibrium
confirms the importance of this. But there are
two points to be noticed in this connection. (i)
The nature of the measures suitable for
combating the tendency to oscillate may
depend on whether the natural rate is above or
below the proper warranted rate. (ii) In
addition to dealing with the tendency to
oscillation when it occurs, it may be desirable to
have a long-range policy designed to influence
the relation between the proper warranted rate
of growth and the natural rate.

If; in the absence of interference, the proper
warranted rate is substantially above the natural
rate, the difficulties may be too great to be dealt
with by a mere anti-cycle policy. In the first
place, there is the probability of a slump
occurring before full employment is reached,
since during the revival the warranted rate may
be dangerously near the actual rate, and liable
at any time to overpass it, thus generating
depression. Secondly, there is an acute
problem if the actual rate reaches the ceiling of
full employment and is depressed to the natural
rate, and therefore below the warranted rate.
An attempt may then be made to drag down
the warranted rate below its normal level by
increasing public works (K). But the difficulty
of the proper warranted rate being above the
natural rate will be chronic, and this means that
only by keeping in being a large and growing
volume of public works can the slump be
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prevented. In fine, the anti-cycle policy has to
be converted into a permanent policy for
keeping down the proper warranted rate.
19. The ideal policy would be to manipulate
the proper warranted rate so that it should be
equal to the natural rate.

If this could be achieved -- but in fact only a
rough approximation would be possible - an
anti-cycle policy would none the less be an
indispensable supplement. For the warranted
rate is bound to be disturbed by the varying
incidence of inventions and fluctuations in the
foreign account. An anti-cycle policy would be
necessary to combat the runaway forces which
come into being as soon as a substantial change
occurs in the warranted rate.
20. A low rate of interest makes for a low
warranted rate of increase, by encouraging high
values of K and C and, possibly also, by having
a depressing influence on s. Since the effects of
changes in the rate of interest are probably
slow-working, it may be wise to use the rate of
interest as a long-range weapon for reducing
the warranted rate of growth, and to reserve
suitable public works for use against the cycle.
It is not suggested, however, that a low rate of
interest has sufficient power of its own to keep
down the warranted rate without the assistance
of a programme of public works to be kept
permanently in operation.

If permanent public works activity and a low
long-term rate availed to bring the proper

warranted rate into line with the natural rate,
variations in the short-term rate of interest might
come into their own again as an ancillary
method of dealing with oscillations.
21. This essay has only touched in the most
tentative way on a small fraction of the
problems, theoretical and practical, of which
the enunciation of a dynamic theory suggests
the formulation. In the last paragraph it was im-
plicitly hinted that our present situation is one of
a relatively high proper warranted rate. The
evidence for this comes from inside and outside
the dynamic theory itself. According to the
dynamic theory, the tendency of a system to
relapse into depression before full employment
is reached in the boom suggests that its proper
warranted rate exceeds its natural rate. Outside
evidence includes the known decline in the
growth of population, which involves a decline
in the natural rate. More controversial points
are the tendency of a more wealthy population
to save a larger fraction of its income (high
value of s involves high warranted rate), and the
tendency of modern progress to depress rather
than elevate the value of C (low value of C
involves high warranted rate).

The main object of this essay, however, is to
present a tool of analysis, not to diagnose
present conditions.
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John  Hicks

Mr. Harrod’s Dynamic Theory

Economica 1949

Mr. Harrod's book may be regarded as falling
into two parts. One of them (chapters 1, 3 and
4) outlines a new ‘dynamic’ theory of economic
progress and of the trade cycle; the other
(chapters 2 and 5) is specially concerned with
interest. There is, of course, some overlapping;
but the two parts are fairly well separated. One
could, I think, say a good deal about the part
on interest without much reference to the other
part and one can certainly say a good deal
about the dynamic theory without any reference
to the part on interest. Personally, I find the
dynamic theory a good deal more interesting. I
can find quite enough to say about it to fill the
space which could conveniently be allotted to
me on this occasion; I propose, therefore, to
take the drastic step of leaving the part on
interest altogether on one side.

Dynamics, according to Mr. Harrod, is a
study of 'an economy in which rates of output
are changing'. This definition is contrasted with
that given in my own Value and Capital - 'that
part of economic theory in which all quantities
must be dated' - and also with that used by the
econometricians, such as Frisch and Kalecki,
which Mr. Harrod takes to be particularly
concerned with the effects of lags. Certainly
there is no need to fight over definitions; I have
myself no desire to defend the Value and
Capital definition for purposes outside its
immediate context. It had convenience as a
means of organising a particular discussion; I
would claim no more for it. But I think that both
the econometricians and myself have the right to
enquire whether Mr. Harrod has paid sufficient
regard to the aspects of a dynamic progress to
which we have drawn attention. In fact, he
seems to be open to some criticism on both
grounds. It is very awkward to analyse a
dynamic process (in his sense) without paying

more regard than he does to the question of
dating; and once one begins to date, it is hardly
possible to slide over the question of lags. But
instead of arguing this matter in general terms,
let us look at it in terms of the details of Mr.
Harrod's theory.

The central feature of that theory is a certain
equation which (modifying Mr.  Harrod's
notation a little) I will write in the form g.c = s. s
is saving, expressed as a proportion of income
(or output); g is the rate of growth of output
(increment of output expressed as a proportion
of output); c is the ratio of investment to the
increment of output. Those whose minds (like
my own) find it difficult to think in terms of
these ratios will prefer to multiply up by income
or output (Y). g.Y is then identifiable as the
increment of output during the period, which
could be written . The equation thusdY

dt

becomes
c $ dY

dt = s $ Y
This is recognisable as our old friend, the

equation of Saving and Investment. (Y, it
should be understood, is measured in terms of
goods, not in terms of money or of
‘wage-units’.)

The reason why Mr. Harrod prefers to write a
familiar equation in this unfamiliar form is that he
is anxious to stress the dependence of
investment on the rate of change of output - the
'Relation' which other economists have called
the 'acceleration principle'. In given conditions
of technique, and with a given rate of interest,
the ratio (c) between ex-ante investment and
the change in income may perhaps be properly
regarded as more or less constant. If this is so,
and if the saving ratio s may also be regarded
as constant, then the fundamental equation

c $ dY
dt = s $ Y

can be treated as a differential equation, and
solved as such. The solution is , whereY = Y0egt

Y0 is the level of income at time zero, which
must be supposed to be given, and g is now
defined as s/c, where both s and c are now to
be taken as given constants. The economic
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meaning of this solution is, of course, that the
economy expands at a constant rate g.

The solution is got by assuming that the
economy is all the time in a state of Keynesian
equilibrium, with ex-ante investment equal to
ex-ante saving. The path defined by the solution
is therefore not the path which will actually be
followed; it is the path which would be followed
if the system remained continually in this sort of
equilibrium. (Mr.. Harrod calls it the
‘warranted’ rate of growth.) And that means,
as we shall see, very little more than that it is a
possible path of development.

The use of the concept of equilibrium in such
matters as this is very tricky. In the Keynesian
system, we were first told that the
savings-investment equation determined the
level of output; then it became clear that it only
determined the equilibrium level of output; the
actual level, at any particular time, might depart
from the equilibrium level. This was an
important qualification, with many conse-
quences not yet all of them fully appreciated;
but it did not in itself seriously affect the
usefulness of the Keynesian construction,
because the Keynesian equilibrium is stable. If
ex-ante saving exceeds ex-ante investment
(under Keynesian or near-Keynesian
assumptions) output will tend to fall, thus
tending to restore equilibrium. And vice versa.
Because there are these stabilising forces
tending to hold the system to an equilibrium
position (or, as we might say, more
dynamically, to hold it on an equilibrium path), it
is probable that divergences from a Keynesian
equilibrium would be limited. Great divergences
must be short-lived. Thus, in so far as the
Keynesian system is valid, it does not only
explain ‘tendencies’; it does, at least in a rough
sort of way, explain the facts. If it is valid, then
it is a first approximation to what does actually
happen. It has this property in virtue of its
mathematical stability. The ordinary supply and
demand theory for a single commodity has the
same property for the same reason.

Mr. Harrod's equilibrium path - his
‘warranted rate of growth’ - does not have this
property. His system is mathematically unstable.
A rise in the rate of saving (s) raises the
warranted rate of growth (g), thus causing the
equilibrium path to slope more steeply
upwards. There is sense in this. With the
demand for the use of savings coming from the
increase in output, an increased supply of
savings can only be absorbed if output
increases more rapidly than before. But an
increase in s will not cause the economy to
move on to this new path. Just as in the
Keynesian case a rise in s causes ex-ante
saving to exceed ex-ante investment, and
therefore tends to diminish output. But this
means (under Mr. Harrod's assumptions) that
the system tends at once to move away from its
equilibrium rate of advance. Instead of
expanding as it ‘ought’ to do, it starts to
contract.

Mr. Harrod is, of course, well aware of this
instability; he draws a number of interesting
conclusions from it, some of them, I think very
important conclusions. In a sense he welcomes
the instability of his system, because he believes
it to be an explanation of the tendency to
fluctuation which exists in the real world. I
think, as I shall proceed to show, that
something of this sort may well have much to
do with the tendency to fluctuation. But
mathematical instability does not in itself
elucidate fluctuation. A mathematically unstable
system does not fluctuate; it just breaks down.
The unstable position is one in which it will not
tend to remain. That is all that the condition of
mathematical instability tells us. But, on being
barred from that position, what will it do? What
path will it follow ? Mere knowledge of the
unstable position does not tell us.

Perhaps I may put my difficulty graphically. In
Fig. 1 time is measured on the horizontal axis,
and output on the vertical (the latter, as seems
appropriate for these 'growth' problems, being
reckoned on a logarithmic scale). We begin
with output OA at time zero. s and c being
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given, AA' is an equilibrium path. Suppose that
this path is followed from A to B, but that at B
the rate of saving (s) rises. The new equilibrium
path will be such as BB'. But the rise in the rate
of saving does not cause the economy to move
along BB',

AA

AA''

BB''
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or along anything like it. It has the opposite
effect, causing a divergence to the other side of
BA'. But about the course of that divergence
and about its direction we learn practically
nothing. In practice, with these strong
centrifugal forces at work, we must suppose
that we shall almost always be dealing with an
economy which is somewhere or other on some
such divergent path. So long as the actual
course of events on such a path is left
undetermined, little use can be made of the
theory. It is extraordinarily hard to use it either
for the explanation of events, or for the
prediction of what is likely to result from
changes introduced by policy.

II
Faced with this difficulty, I have been tempted

to go beyond the ordinary functions of a
reviewer, and to enquire whether it is not
possible, by some modification of Mr. Harrod's
assumptions, to overcome the deficiency. The
prize is a great one, for no one can study Mr.
Harrod's work at all deeply without feeling that
results of really great significance are just round
the corner. What we have to do is to introduce
just sufficient frictions to give the model
mathematical stability, while not sacrificing the

economic instability on which the substance of
the argument depends. Can this be done?

It can be done as soon as we are allowed to
make some use of lags. It is not generally
realised (Mr. Harrod has certainly failed to
realise it) that the great function of lags in this
sort of dynamic theory is to impart just that
measure of stability in the small - day-to-day
stability we might call it - as is required in order
to make the movement of the system
economically determinate. The lags are needed
to hold the system to a given path. Mr.
Harrod's theory, in the form he has given it,
may be regarded as an indirect proof of this;
because he will have no lags, his system
explodes out of the time dimension. A dynamic
system which is economically unstable, having a
high propensity to fluctuate, cannot be
efficiently studied unless some of the variables
are lagged.

The easiest way to introduce lags is to work in
terms of period analysis. Instead of treating time
as continuous, we break it up into successive
periods. The increment of output, which
formerly appeared as , will now appear as dY

dt

. If there are no lags, the basicYn −Yn−1

equation will then have to be written
(1)c(Yn − Yn−1) = sYn

the properties of which are substantially the
same as those of Mr. Harrod's equation.

But as soon as the equation is written in this
form, it does at once look decidedly queer. It is
not really reasonable to assume that current
investment should depend upon the increment
of output in the same period (especially if
periods are fairly short), and still less is it
reasonable to assume that saving depends
wholly upon the income of the same period. If
we make the simplest possible lagging
assumptions, we shall make investment depend
upon the increment of income in the preceding
period, and consumption upon the income of
the preceding period. Current saving would
then equal , so that the basicYn −(1 − s)Yn − 1
difference equation becomes:
c(Yn−1 − Yn−2) = Yn − (1 − s)Yn−1
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or
(2)Yn = (1 − s + c)Yn−1 − cYn−2

An equation of this kind is completely stable in
the short run, for an increase in s reduces Yn as
it should. It can therefore be used to trace out a
path which is such that an economy might
possibly follow it.

The properties of such paths have been
widely studied by mathematical economists.
Without going into detail, the following general
conclusions may be mentioned. s and c being
given, the path is completely determined when
two initial positions (say Y0 and Y1) are given.
Associated with any particular difference
equation, there will be a ‘full equilibrium’
position, which is such that it can be maintained
indefinitely if it is once fully established. For
very low values of c, the system approximates
to the Keynesian type, and therefore moves
steadily towards its full equilibrium. For very
large values of c, the system tends away from
full equilibrium. For intermediate values, it
oscillates about the equilibrium position, the
oscillations having a diminishing amplitude if c is
less than 1, and an increasing amplitude if c is
greater than 1. These are the results for the
‘second-order’ equation, in which Yn depends
upon its two previous values.

Similar, but mathematically much more
complex, results appear to hold for difference
equations of higher orders.

These results have attracted much attention
because they seem to show that on quite simple
assumptions a system may be constructed
which has an automatic tendency to develop
fluctuations. But the more one works with this
structure, interesting as it is, the more one feels
that its fluctuations are really too simple. They
do not take account of some of the most
elementary features of the real problem, which
must surely find a place, and a central place, in
a realistic theory. The mathematical economists
do seem to have got hold of a part of the
mechanism, but there are other things which
they have left out which need to be brought in.

Now Mr. Harrod has got some of these other
things. Although his system will not do in the
small, it is better than theirs in the large. Is it
impossible to build up a construction which will
combine the merits of each?

III
The reader may have noticed that the lagged

Harrod equation (2) would, in itself, be
unsatisfactory for the purposes of the
mathematical theory which we have just
described. For if we seek to determine its full
equilibrium level of output (which can always be
determined from a difference equation by
putting its various Ys equal to one another) the
answer must clearly come out as Y = 0. This
would not perhaps worry Mr. Harrod very
much, because he is seeking to analyse a
dynamic process, not an equilibrium situation.
He does not want his system to settle down to
‘equilibrium’.

But this means that the only solution of the
difference equation in which he will be
interested is that which occurs when c is
relatively large, so that the system becomes
‘explosive’. He is quite ready for his system to
explode, provided that it does not explode too
fast!

Nevertheless, since the system is to fluctuate,
having down-tracks as well as uptracks, it is
important that the down-tracks should be
checked somewhere. After all, slumps do have
bottoms; something has to be introduced to
stop the slump tending to an 'equilibrium' with
no output at all.

The only provision which Mr. Harrod makes
to meet this need is the suggestion that some
part of the investment of a period may be
‘long-range’ - so that its 'worthwhileness is not
deemed to have any relation to current
requirements. I believe that this is the solution;
but by treating this long-range investment as a
fraction (presumably in principle a constant
fraction) of current income, Mr. Harrod makes
it impossible for it to give him any really
substantial help. For whether the long-range
investment depends upon Yn, Yn-1 or Yn-2, its
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introduction in this guide only affects the
coefficients in the difference equation; and no
juggling with the coefficients will prevent an
equation of the form

aYn + bYn−1 + cYn−2 = 0
from having its equilibrium solution at zero
output.

I believe that the readiest way out is to make
the long-range investment depend, not upon
current output, but upon the trend value of
output. Evidently we must not treat long-range
investment as a constant; for if we did so,
though we should get a bottom to our slumps,
we should lose the possibility of the upward
trend, on the introduction of which into the
model Mr.. Harrod sets so much store. If,
however, we make the assumption that the
long-range investment depends, other things
being equal, upon the natural growth of the
economy (in productivity and perhaps
population), we can get a bottom to our slumps
and still retain the general progressive
movement.

I would therefore suggest that we introduce a
term  for the long-range investment,H(1 + g)n

where H is a constant, and g (also a constant) is
now Mr. Harrod's natural rate of growth. The
introduction of this term certainly seems to be
worth trying, and it proves to have the most
interesting effects.

IV
On introducing this term, the difference

equation (2) is transformed into

H(1 + g)n + c(Yn−1 − Yn−2)

= Yn − (1 − s)Yn−1.
(3)

This equation is just a shade harder to handle
than (2), but in fact by a simple device we can
reduce it to an equivalent form.

The nearest thing to an equilibrium solution
which is possible for this new equation is that
which gives a steady advance at the natural
rate. At such a steady advance, we should have

, where E is a constant. SubstitutingE(1 + g)n

this trial solution in (3), we find

H(1 + g)n

= E(1 + g)n − (1 − s + c)E(1 + g)n−1

+ cE(1 + g)n−2

whence

(4)E = H$(1+g) 2

(1+g)$(s+g)−c$g
If, as we may properly assume, there is

enough saving to look after the investment
engendered in the steady advance, E will be
positive.

Now write , so that yn isYn = E(1 + g)n(1 + yn)
the proportion by which actual income in the
nth period exceeds (or, if yn is negative, falls
short of) its moving equilibrium value.
Substituting this value in (3) and using (4), we
get
yn − 1−s+c

1+g $ yn−1 + c
(1+g) 2 yn−2 = 0

which is a simple difference equation of exactly
the same type as (2). Its full equilibrium solution
is at yn = 0; but this no longer corresponds to
zero output, but to the output which gives a
steady advance.

What we have now found is that in our
revised model, the proportional divergences
from the moving equilibrium output will obey
the same laws as were obeyed by the level of
output itself in the simple model (2). Thus if 

 is small, any displacement from thec /(1 + g)2

moving equilibrium will be followed by a steady
movement back to the equilibrium. The moving
equilibrium can then be regarded as stable. For
larger values of c, we should get fluctuations
about the moving equilibrium, which (as c
increased) would first be damped, and would
then become ‘explosive’. Finally, for very large
values of c, we should get a steady divergence
from equilibrium as the result of any chance
displacement.

Now it is, I think, these latter possibilities
(relatively neglected by the econometrists) to
which Mr. Harrod seeks to draw our attention.
In order to study them conveniently, we may
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perhaps fix our attention upon one particular
value of c, which makes the difference equation
more than usually easy to handle. This is the
minimum value which gives a steady divergence
from equilibrium, without there being any
fluctuations induced by the difference equation
itself. It can be calculated to be .c = 1 + s

2

Substituting this value of c in (5), we get
yn − 2 $ k $ yn−1 + k2 $ yn−2 = 0

where . It is obviously safe to assumek =
(1+ s )

1+g

that λ> 1.
The solution of equation (6) is ,(nA + B)kn

where A and B are constants, depending on the
initial positions. Thus if we start from a position
which is such that A is positive, y will steadily
increase (at least after a limited number of initial
periods), and if we start from a position in
which A is negative, y will steadily diminish
(subject to the same proviso). We have
therefore verified that we are dealing with an
'explosive' equation; and we may be sure that
for higher values of c we should get cases
which would be still more explosive.

If we start from an equilibrium position with y0

= 0 we are bound to have B = 0, since by
putting n = 0 we see that y0 = B. A is deter-
mined by the value of y in period 1 being equal
to  when B = 0. Applying the general formulay1

k

we see that . Thus if we beganyn = n $ kn−1 $ y1

with an upward displacement, so that y1 was
positive, vn would increase from period to
period in a ratio which at first exceeded  butk
gradually approached the limiting value  as nk
became large.

V
Thus the difference equation tells us that if

there chances to be an upward displacement
from the equilibrium level, y will expand
indefinitely. But y cannot expand indefinitely!
For y, it will be remembered, is not the
equilibrium level of output, which can expand
indefinitely, given sufficient time; it is the
proportion in which actual output exceeds the
moving equilibrium output, and in that moving
equilibrium the natural growth of the system has
already been allowed for. It is therefore

reasonable to assume that there is some
maximum level which y cannot exceed -
something which we may call the Full
Employment level. Until that limit is reached,
output can expand, both by natural growth and
by a reduction in the percentage of unemployed
resources. Once, however, the limit is reached,
only natural growth is possible. And that means
that y has reached its maximum value.

Let us write the full employment limit of y as f.
Then if we have started, as before, from the
moving equilibrium, and have encountered the
full employment ceiling in the nth period after
the initial divergence, we have the following
situation:

;yn−2 = (n − 2)kn−3y1

 but yn does not equal yn−1 = (n − I)kn−2.y1

, but is kept down to the lower value f.nkn−1y1

What then happens to ? In order to discoveryn+1

this, we have to go back to the difference
equation (6), for there is no reason why it
should not continue to hold.
yn+1 = 2kf − k2yn−1
This may be greater or less than f, but if it is

greater than f, it will have to be replaced by f.
since f is its greatest possible value. We pass on
to yn+2. Applying the difference equation to this,
we see that its maximum possible value is 

. This is definitely less2kf − k2f = f[1 −(k − 1)2]
than f; so that, having reached its full
employment limit, the system must begin to turn
round again and output to go down, at least
relatively to the trend.

This conclusion is quite generally true. If we
go back to the more general equation (5), we
see that two successive years which are equal
and positive must be followed by a third which
is lower than they are. This follows from the
same inequality as gave us our fundamental
condition that the (moving) equilibrium level of
output should be positive.

What happens next? Effectively we are now
starting from two successive ys which are both
equal to the same positive magnitude f. We
have to use the difference equation to work out
the ensuing path. It is not difficult to show that
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successive ys will continue to fall, and that a
point must be reached at which output does not
merely fall relatively to its moving equilibrium,
but falls absolutely.

When this happens, I think that we must
reconsider our difference equation. If the
system continued on the path determined by the
same difference equation, output would
ultimately fall to zero; our model, having agreed
with experience quite well up to this point,
would therefore at this point begin to diverge
sharply. Can we see why? The induced
investment, on which so much has depended, is
investment induced by an expansion in output; if
we maintained the same difference equation on
the downswing as on the upswing, we should
be letting it go into reverse and becoming
negative when output began to fall. This does
not look right. It is true that there are some
sorts of investment (investment in working
capital) for which a construction of this sort
might be plausible. Increases in output induce
investment in working capital, of the sort which
we have so far taken into account; and it is
reasonable to suppose that reductions in output
will cause entrepreneurs to find their working
capital excessive, so that they will take steps to
reduce their excessive stocks. So far as fixed
capital is concerned, however, this is not
possible. There does therefore seem to be a
changed situation in the downswing from what
there was in the upswing, and it is reasonable to
allow for this change by changing the form of
the difference equation. Let us say, as a first
approximation, that when output turns
absolutely downwards, the induced investment
term  simply drops out. Itc(Yn−1 −Yn−2)
becomes zero, but does not become negative.
Suppose this occurs, what happens?

The difference equation now takes the form
(7)H(1 + g)n = Yn − (1 − s)Yn−1

instead of the form expressed in equation (3).
This is a much easier equation to handle than
equation (3), but it will be convenient to set out
its solution in a similar form. It will have a
similar moving equilibrium, which we may write

L (1 + g)n, and the value of the constant L can
be determined by a similar substitution. We get:
H.(1 + g)n − (1 − s) $ L $ (1 + g)n−1

or
(8)L = 1+g

s+g $ H
Comparing this with the expression previously

got for E [(4) above], we see that L will always
be less than E, so that the new moving
equilibrium will always be lower than the old.

Now write , so that zn isYn = L(1 + g)n(1 + zn)
the proportion in which actual income exceeds
the new (lower) moving equilibrium level.
Substituting this in (7) and using (8) we get:

.zn = 1−s
1+g $ zn−1

The coefficient  is necessarily positive and1−s
1+g

less than unity. Starting, therefore, from a given
value of z0, the successive zs get smaller and
smaller, in geometrical progression. By what is
essentially the Kahn convergent series, the
system tends towards its lower moving
equilibrium  .L(1 + g)n

But it will not get there. For once Z has fallen
so far as to become less than a certain ratio
(which, as can readily be verified, is the not
particularly small ratio ), the fall in theg

s

proportion z by which actual output exceeds
the lower moving equilibrium output becomes
less than the rate at which that moving
equilibrium is itself rising; and once this
happens, actual output will begin to rise. The
original difference equation should then come
back into operation, and that will start a new
expansion relatively to the natural growth.

The simplest way of proving that this must be
so is the following. Suppose, for a moment, that
there is no induced investment until the lower
equilibrium has actually been reached. Then the
system will start taking up successive positions
which are actually on the lower equilibrium line.
In these positions the ys (measured, as before,
from the upper equilibrium) are negative and
equal. Now if y0 and y1 are both equal to -a,
we shall have [by (6)] , so that y2 = −2ka + k2a

, which is certainly positive. Ity2 −y1 = (1 − k)2a
can further be shown, by the usual methods,
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that , which willyn −yn−1 = (n − I)kn−2(k − 1)2

always be positive. The same result can be
shown to hold for the more general case, in
which we assume a larger value for c.

Thus, if the system actually hits its lower
equilibrium, it will then be bound to start an
upward expansion. If induced investment
appears before it has hit the lower equilibrium,
that is simply a further expansionary influence.
The output so generated will then be greater,
for each period, than that which we have just
calculated. The expansion is therefore
demonstrated a fortiori.

VI
Our model is now complete; and by our

algebraic method, we have shown its internal
consistency. For further discussion, it will be
convenient to have a graphical representation.

Figure 2 represents the same variables as Fig.
1: time on the horizontal axis, and on the
vertical the logarithm of output (or investment).
Steady progress is therefore represented by a
straight line which slopes upwards, and steady
progress at the 'natural rate of growth' by a
straight line of given slope. There are four such
lines which play a part in our model. First, there
is the Full Employment line F. Secondly, there
is the 'upper equilibrium' line E; and thirdly there
is the 'lower equilibrium' line L. Finally, there is
the 'long-range investment' line H, the 
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upward slope of which is responsible for the
upward slopes of E and L. It should again be

emphasised that output is being measured in
real terms, so that F may slope upwards, on
account of an upward trend in productivity,
even if population is constant. H slopes
upwards at the natural rate of growth, because,
by assumption, it is geared to the trend. E and
L slope upward because they depend on H.

We know that L must lie above H, because of
the Keynesian multiplier argument. We know
that E must lie above L, because E includes the
multiplier effect of induced investment (at the
natural rate of growth of output) as well as the
multiplier effect of the long-range investment.
We shall assume for the present that E lies
below F, though it should be noticed that we
have not proved that it must do so.

The E-line is such that the economy could
possibly advance along it in a smooth manner
without fluctuation. But it will do so only if it is
held to it in some manner, for any chance
divergence in either direction will set up a
movement away from the equilibrium E.
Suppose that there is a chance divergence in an
upward direction. Output then begins to grow
at more than its natural rate of growth, and
though there may be some tendency for the
actual rate of growth to slow up after some time
has elapsed, the actual rate will always exceed
the natural rate (at least according to the value
which we have given to c). And that means that
the actual path AB must hit the ceiling F sooner
or later. But when it hits the ceiling, the rate of
increase in output is slowed up, and therefore
(in the next period) induced investment is cut
down. But the induced investment, which
corresponds to an increase in output at the
natural rate (which is all that is allowed by the
ceiling F) is only sufficient to engender a level of
output which approximates to the E line, not
one which goes along the F line. Output
therefore tends to move back, on the course
BC', towards the E line. But as output moves
back, the rate of increase in output falls below
the natural rate, and in consequence actual
output tends to fall below the E line. The track
which would be generated, on this principle,
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after the 'upper turning-point' B had been
passed, would plunge downwards indefinitely,
tending towards an output of zero. I show it on
the diagram by the dotted line BC'.

It was, however, at this point that we felt it
necessary to introduce our second
complication. A downward movement in actual
output, when it becomes an absolute fall, not
merely a fall relatively to the natural rate of
growth, should not be thought of as causing
induced investment to become negative (or at
least as only doing so to a minor extent). The
path BC' is therefore too pessimistic. If zero is
the lowest point to which induced investment
can fall, then on the downtrack we have a
situation in which the only investment occurring
is that which is represented by H. And L is the
equilibrium to which the system will tend when
the only investment is that represented by H.
The system will therefore move along a path
BC", which is determined by the familiar
multiplier theory of Keynes (or Kahn). This
path will merge into the L line at a point C".

But since the L line is upward sloping, the
path BC" will have begun to turn upwards at a
point C, which precedes C". At this point the
'accelerator' comes back into gear. It must then
bring about a positive induced investment,
which will cause the actual path to diverge from
CC" in an upward direction. The rate of growth
will then soon be in excess of the natural rate,
and the path CD must therefore intersect the E
line sooner or later. When it does so, it will still
have a rate of growth in excess of the natural
rate, and will therefore keep on rising. Finally, it
must hit the F line, and when it does so, it is
bound to turn down as before, for exactly the
same reason as before.

There has thus been engendered a complete
cycle, and a cycle which is completely
self-perpetuating. It must turn down when it
gets to the top, and when it approaches the
bottom it must turn up. So long as the
fundamental data remain unchanged, actual
output must fluctuate between the limits L and
F, and will do so indefinitely.

VII
Further, what has been accomplished is

something more than the making of a special
model, which happens to show a fluctuation,
something like the observed sort, for certain
values of its parameters. We have used special
values for purposes of illustration, but the cycle
which has been engendered does not depend
on the special values chosen. All that is
necessary is (1) that the relations between
income and consumption, on the one hand, and
between investment and changes in income, on
the other, should be such as to impart a rather
strong tendency to instability in the level of
output; (2) that the system should have an
upward trend, and that some investment should
be geared to that upward trend; (3) that the
supply of resources, at any given time, should
not be inexhaustible; (4) that falls in output
should not induce disinvestment, in the way that
rises in output induce investment, except
(possibly) to a minor extent. These conditions
are certainly not at all restrictive; all of them
(except possibly the first) are things which we
should naturally expect to be true. And the first
condition, though its validity is certainly far from
self-evident, is not intrinsically unplausible. We
do therefore seem to have shown that a cycle,
which is strongly reminiscent of that which we
experience, can be explained on the basis of a
minimum number of hypotheses, each of which
is very reasonable in itself. It is hardly possible
for a theory of the Cycle to do more than that.

Besides, from this point we can again go
forward. The next thing to do should be to
reconsider the very simple difference equation
on which our formal analysis (though not the
real essence of our argument) has been based.
It is, as a matter of fact, most unlikely that the
two relations (between income and
consumption, and between investment and
change in income) are as simple in form as we
have assumed them to be. We have taken a
simple form, in order to keep our main
difference equation down to the second order;
but there can be little doubt that the equation
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we thereby got is over-simplified, though it
should be noticed that the mathematical
difficulties accumulate very rapidly when we
introduce additional complications in this
direction. There is, however, one generalisation
which can be made without incurring these
mathematical difficulties. We can allow for the
probability that a part of consumption will
depend upon current income as well as a part
on previous income; an amendment in this
direction makes the system more liable to
fluctuate. This has a bearing on the weakest of
the four assumptions listed in the previous
paragraph. It will probably have been noticed
that in order to get our model to work, we did
apparently need a rather large value for the
capital coefficient c; it looked as if it had to be
distinctly larger than unity. So large a value for c
is not altogether unplausible (Mr. Harrod is
evidently prepared to accept a value of this
order of magnitude); nevertheless when we
remember that ‘long-range’ investment is being
otherwise allowed for, a doubt must remain
whether so large a value of c is realistic. It is
therefore useful to notice that if only a part of
consumption is lagged, we can manage to work
our model with much smaller values of c. The
value of c can be appreciably less than unity,
and we can still get the required instability in the
level of output.

Such things evidently need much further
enquiry; but the way to that enquiry is now
open. It will then be of great importance to
study the changes in the model which may
occur through changes in the sizes of some of
the parameters, and to enquire whether they
have any correspondence with observed
changes in the behaviour of the actual economy
through various cycles. If it could be shown that
there is such correspondence, the theory would
receive striking confirmation. I am in fact
inclined to think that some of this confirmation
can be sighted without looking very far. One
thing which clearly could happen would be that
the value of c was not large enough for the
upward swing (AB or CD in Fig. 15.2) to hit

the Full Employment ceiling. If this were to
happen, the boom would turn down before it hit
the ceiling; but the rest of the cycle could
apparently go on as before. Does not this look
very like the case of the boom which 'peters
out'? Mr. Harrod has done some useful work
on the factors determining the size of c; by using
his researches on this point, and concentrating
on the effects of changes in his factors in this
direction, it does look as if the theory we have
been advancing should be capable of some
indirect verification.

Again, it is clearly not realistic to assume that
the ‘height’ of the H line (the long-range
investment) will, as we have drawn it, be
constant in all circumstances. Such things as
wars and their aftermaths (and maybe other
disturbances too) must be thought of as causing
‘autonomous’ fluctuations in long-range
investment. The effects of such fluctuations
could be analysed. A considerable upward
hump in the H-line could, for instance, push the
corresponding E above the Full Employment
line. If this happened, there would be no
tendency for output to turn down when it
reached the Full Employment level. Let us
consider the matter, for instance, in terms of
equation (6). We saw that in a system which
was 'driven' by that equation, two successive ys
which were both equal to f would be
succeeded by a third which was equal to 

; if f is positive, this must be smallerf − (k − I)2f
than f But if f is negative, as in the case we are
considering, the third y will be larger than f;
being above the Full Employment level, it will
then have to be replaced by f. Thus the system
can remain in Full Employment as long as the
hump in the H-curve lasts.

This is itself a highly suggestive result; one
further modification, which can be introduced
into our structure, not only without damage but
with benefit, makes it more suggestive still. It is
not quite right to treat ‘Full Employment’, as we
have done hitherto, as a rigid barrier; it is better
to regard it as a zone which, if penetrated, calls
forth rapidly increasing resistance's to the
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expansion of output, but in which some increase
of output can, up to a point, still be attained.
This modification makes no real difference to
the structure of our theory; the slowing-up of
expansion, due to the resistance's, will still
cause output to turn downwards once the zone
is fairly penetrated, so long as the equilibrium
level E is lower than the level at which the
resistance's begin. But if we allow that the
resistance's begin (as I think they do) at a level
of output which is short of that where there is a
tendency to full inflation, we get another
important result. We can see why it is that the
ordinary commercial boom, carried by induced
investment, is most unlikely to penetrate through
the resisting medium so far as to cause any
serious inflation; the resistance's will cause it to
turn downwards before it gets to that point. It is
only when there is a big hump in the H-curve,
pushing the equilibrium level well into the Full
Employment zone, that the system can have
enough ‘steam’ in it to carry it to the inflationary
point. The ordinary commercial boom is
unlikely to do that. Our theory therefore affords
a ready explanation of another well-established
practical generalisation, which was previously
rather out of touch with theory; it shows why it
is that inflation is so liable to occur in conditions
of war and post-war reconstruction, but rarely

(if ever) results from a purely commercial
boom.

I should, however, not like it to be inferred
from these arguments that a continued boosting
of the H-curve, so as to keep E above F, is a
desirable solution of the cycle problem. For
what is bound to happen, in this
‘over-employment’ situation, is that induced
investment is kept steadily below its normal
relation to current output. And since, on the
whole, the induced investment is needed in
order to enable output to be produced
efficiently, its repression (certainly its continued
repression) is bound to have adverse effects on
the efficiency of production. Thus even if the
danger of open inflation can be somehow
averted, this 'solution' can cure the cycle only at
the price of a severe loss in efficiency. The true
object of policy should be to keep the
equilibrium line as near as possible to the Full
Employment mark, but not to push beyond it. If
this is done, it will also be necessary to have
measures at hand to correct the downward
divergences from equilibrium, which are then
liable to occur. This policy is much harder than
its alternative; but if it can be achieved, its
results will be infinitely preferable.
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